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PREFACE. 


Tue first object of the author of the following treatise has been to 
make the transition from arithmetic to algebra as gradual as possible. 
The Book, therefore, commences with practical questions in simple 
equations, such as the learner might readily solve without the aid of 
algebra. ‘This requires the explanation of only the signs plus and 
minus, the mode of expressing multiplication and division, and the 
sign of equality ; together with the use of a letter to express.the un- 
known quantity. These may be understood by any.one who has a 
tolerable knowledge of arithmetic. - Ail of them, except the use of 
the letter, have been explained in arithmetic. To reduce such an 
equation, requires only the application of the ordinary rules of arith- 
metic ; and these are applied so simply, that scarcely any one can 
mistake them, if left entirely to himself. One or two questions are 
solved first with little explanation in order to give the learner an idea 
of what is wanted, and he is then left to solve several by himself. 

The most simple combinations are given first, then those which 
‘are more difficult. The learner is expected to derive most of his 
knowledge by solving the examples himself; therefore care has been 
taken to make the explanations as few and as brief as is consistent 
with giving an idea of what is required. 

_ In fact, explanations rather embarrass than aid the learner, because 
he is apt to trust too much to them, and neglect to employ his own 
powers ; and because the explanation is frequently not made in the 
way, that would naturally suggest itself to.him, if he were left to 
examine the subject by himself. The best mode, therefore, seems to 
be, to give examples so simple as to require little or no explanation, 
and let the learner reason for himself, taking care to make them more _ 
difficult as he proceeds. This method, besides giving the learner 
confidence, by making him rely on his own powers, is much more 
interesting to him, because he seems to himself to be constantly 
making new discoveries. Indeed, an apt scholar will frequently 
make original explanations much more simple than would have been | 


given by the author. 
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This mode has also the advantage of exercising the learner in 
reasoning, instead of making him a listener, while the author reasons 
before him. 

The examples in the first fifty pages involve nearly ail the opera- 
tions, that are ever required in simple numerical equations: with one 
and two unknown quantities. 

In the ninth article, the learner is taught to generalize particular 

cases, and to form rules. Here he is first taught to represent known 
quantities by letters, and at the same time the purpose of it. The 
transition from particular cases to general principles is made as 
gradual as possible. At first only a part of the question is general- 
ized, and afterwards the whole of it. 
_ When the learner understands the purpose of representing known 
quantities as well as unknown, by letters or general symbols, he is 
considered as fairly introduced to the subject of algebra, and ready to 
commence where the subject is usually commenced in other treatises. 
Accordingly he is taught the fundamental rules, as applied to literal 
quantities. Much of this however is only a recapitulation in a gen- 
eral form, of what he has previously learnt, in a particular form. 

After this, various subjects are taken up and discussed. There 1s 
nothing peculiar in the arrangement or in the manner of treating 
them. The author has used his own language, and explained as 
seemed to him best, without reference to any other work. A large 
number of examples introduce and illustrate every principle, and as 
far as seemed practicable, the subjects are taught by exainple rather 
than by explanation. : 

The demonstration of the Binomial Theoreni is entirely original, 
so far as regards the rule for finding the coefficients. ‘The rule itself 
is the same that has always been used. The manner of treating and 
demonstrating the principle of summing series by difference, is also 
original.* 

Proportions have been discarded i in algebra as well as in ee 
‘The author intended to give, in an appendix, some directions for 
using proportions, to assist those who might have occasion to read 
other treatises on mathematics. But this volume was already too 
large to admit it. It is believed, however, that few will find any 
difficulty in this respect. If they do, one hour’s study of some tr a 
tise which explains proportions will remove it. 


* See Boston Journal of Philosophy and the Arts. No. 5, for May, 1825. 


PREFACE. 5 


In order to study this work to advantage, the learner should solve 
every question in course, and do it algebraically. If he finds a ques- 
tion which he can solve as easily without the aid of algebra as with 
it, he may be assured, this is what the author expected. If he first 
solves a question, which involves no difficulty, he will understand 
perfectly what he is about, and he will thereby be enabled to encoun- 
ter those which are difficult. | 

When the learner is directed to turn back and do in a new way 
something he has done before, let him not fail to do it, for it will be 
necessary to his future progress ; and it will be much better to trace 


the new principle in what he has done before, than to have a new — 


example for it. 

The author has heard it objected to his arithmetics by some, that 
they are too easy. Perhaps the same objection will be made to this 
treatise on algebra. _ But in both cases, if they ae too easy, it is the 
fault of the subject, and not of the book. For in the First Lessons, 
there is no explanation ; and in the Sequel there is probably less than 
in any other books, which explain at all. As easy however as they 
are, the author believes that whoever undertakes to teach them, will 
find the intellects of his scholars more exercised in studying them, 
than in studying the most difficult treatise he can put into their 
hands. When the learner feels, that the subject is above his capacity, 
he dares not attempt any thing himself, but trusts implicitly to the 
‘author ; but when he finds it level with his capacity, he readily 
engages in it. But here there is something more. The learner is 
required to perform a part himself. He finds a regular part assigned 
to him, and if the teacher does his duty, thé learner must give a great 
many explanations which he does not find in the book. 
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ALGEBRA. 


INTRODUCTION 


THE operations explained in Arithmetic are sufficient for 
‘the solution of all questions in numbers, that ever occur ; but 
it is to be observed, that in every question there are two dis- 
unct things to be attended to ; first, to discover, by a course 
of reasoning, what operations are mecessary ; and, secondly, to 
perform those operations. The first of these, to a certain ex- 
tent, is more easily learned than the second ; but, after the 
method of performing the operations is understood, all the dif- 
ficulty in solving abstruse and complicated questions consists 
in discovering how the operations are to be applied. 

It is often difficult, and sometimes absolutely impossible to 
discover, by the ordinary modes of reasoning, how the funda- 
mental operations are to be applied to the solution of questions. 
It is our purpose, in this treatise, to show how this difficulty 
may be obviated. — 

t has been shown in Arithmetic, that ordinary calculations 

are very much facilitated by a set of arbitrary signs, called 
figures ; it will now be shown that the reasoning, previous to 
calculation, may receive as great assistance from another set of 
arbitrary signs. 

Some of the signs have already been ae nance in Arithmetic ; 
they will here be briefly recapitulated. 

Two horizontal lines are used to’ express the words 
kG ane re equal to,’’ or any other similar expression. — 

(++) A cross, one line being horizontal and the other perpen- 

Te signifies ‘‘ added to.”’ It may be read and, more, plus, 

any similar expression ; thus, 7 -+ 5 = 12, is read 7 ‘and 5 
are 12, or 5 added to 7 is equal to 12, or 7 plus 5 is equal to 
12. Plus i is a Latin word signifying more. 

(—) A horizontal line, signifies subtracted from. It is some- 
times read less or minus. Minus is Latin, signifying less. Thus 


a - 


bas, 
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14 — 6 = 8, is read 6 subtracted from 14, or .4 less 6, or 14 
minus 6 is equal to 8. 

Observe that the sigas + and — affect the numbers which 

they stand iene es before, and no others. Thus 

14—6+8 = 16; and 14+8—6=—16; 
and 8 — 6 + 14 = 16; and, in fine, —6 + 8+ {4a 16. 
In all these cases the 6 only is to be subtracted, and it is the 
same, whether it be first subtracted from one of the numbers, 
and then the rest be added, or whether all the others be added 
and that be subtracted at last. 

(x) (.) An inclined cross, or a point, is used to express 
multiplication ; thus, 5 X 3 = 15,0r5.3== 15. 

(+) A horizontal line, with a point above and another below 
it, is used to express division. Thus 15 + 3 = 5, 1s read 15 
divided by 3 is equal to 5. 

But division is more frequently expressed in the form of a 
fraction (Arith. Art. XVI. Part H.), the divisor being made the 
denominator, and the dividend the numerator. Thus ¥ = 5, 
is read 15 divided by 3 is equal to 5, or one third of 15, is 5, 
or 15 contains 3, 5 times. 

Example. 6xX9+15—3=7.8—¥y4 14. 
This is read, 9 times’6 and 15 less 3 are equal to 8 times 7 
less 16 divided hy 4, and 14. 

To find the value of each side; 9 times 6 are 54 and 15 are 
69, less 3 are 66. Then 8 times 7 are 56, less 16 divided by 
4, or 4 are 52, and 14 more are 66. 

In questions proposed for solution, if is always .required to 
find one or more quantities which are unknown’; these, when 
found, are the answer to the question. It will be found extreme- 
ly useful to have signs to express these unknown quantities, be- 
Cause it will enable us to keep the object more steadily and dis- 
tinctly in view. Wee shall also be able to represent certain ope- 
rations upon them bythe aid of signs, Wich will greatly assist 
us. in arriving at the result. 


Algebraic signs are in fact nothing else ae an abridgment Of ws 


- common language, by which a long process of reasoning is pe ue 
senied at once in a single view. eae 3 
~ The signs generally used to express the unknown quanatiem 


__ above mentioned are some of the last letters of the alphabet, as 


7) Ys 2; &e. 


1. Equations. 11 


I. 1. Two men, A and B, trade in company, and gain 267 
dollars, of which B has twice as much as A. What is the share 
of each? ; 

In this example the unknown quantities are the particular 
shares of A and B. . 

Let x represent the number of dollars in A’s share, then 2 x 
will represent the number of dollars in B’s share. Now these 
added together must make the number of dollars in both their 
shares, that is, 267 dollars. 

«+ 22 = 267 
Putting all the x’s together, oi = 267 

If 3.2 are 267, 1 x is 3 of 267 in the same manner as if 3 

oxen were worth $ 267, 1 ox would be worth } of it. 
gi: 89 = \As share: 
2.0-== 178 ==B’s share, 


2. Four men, A, B, C, and D, found a purse of money con- 
taining $ 325, but not agreeing about the division of it, each took 
as much as he could get ; A got a certain sum, B got 5 times as 
much ; C, 7 times as much ; and D, as much as B and C both. 
How many dollars did each get? 

Let x represent the number of dollars that A got ; then B got 
52,C 72, and D (52+ 72) =122. These, added toge- 
ther, must make $325, the whole number to be divided. 

et 5e2+ 7a + 12 « = 325 


Putting all the z’s together, f2o x == 325 

x == 13 = A’s share. 
‘Senet Ree oR 
fii OF es Cis > $8 


12 aon £50 ==) ])'g:). <4 
Note. All examples of this kind in algebra admit of proof. 
In this case the work is.proved by adding together the several. 
shares. If they are equal to the whole sum, 325, the work is 
right. As the answers are not given in this work, it will be well 


for the learner always to prove his results. 
In the same manner perform the following examples. 


8. Said A to B, my horse and saddle together are Me 
but the horse is worth 9 times as much as the saddle. AV bat isi. 
the value of each? : 
_ 4, Three men, A, B, and C, trade in company, A puts m a 
- certain sum, B puts in 3 times as much, and C puts in as much 
= Bey 2 ti 2 


ee 
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as A and B both ; they gain $656. What is each man’s share 
of the gain? 

5. A gentleman, meeting 4 poor persons, distributed 60 cents 
among them, giving the second twice, the- third three times, and 
the fourth four times as much as the first. How many cents did 
he give to each? 


6. A gentleman left 11000 crowns to be divided between his 
widow, two sons, and three daughters. He intended that the 
widow should receive twice the share of a son, and that each son 

_ should receive twice the share of adaughter. Required the share 
of each. 

Let x represent the share of a daughter, then 2a will represent 
the share of a son, &c. 


7. Four gentlemen entered into a speculation, for which they 
subscribed § 4755, of which B paid 3 times as much as A, and 
C paid as much as A and B, and D paid as much as B and C.. 
What did each pay? 


8. A man bought some oxen, some cows, and some sheep for 
$1400; there were an equal number of each sort. For the oxen - 
he gave $42 apiece, for the cows $20, and for the sheep $8 
apiece. How many were there of each sort? 

In this example the unknown quantity is the number of each 
sort, but the number of each sort. being the same, one character 
will express it. 

Let x denote the number of each sort. 

Then x oxen, at $42 apiece, will come to 42 a dolls., and zx 
cows, at $20 apiece, will come to 20 2 dolls., and x sheep, at 
$ 8 apiece, will come to 8 x dolls. These added together must 
make the whole price. 

. 42 x +- 20 « + 8 x= 1400 
Putting the a’s together, . . 7021400 
Dividing by Osun... 08 es w= 20 
Ans. 20 of each sort. 


9. A man sold some calves and some aie for Sarita 

calves at $5, and the sheep at $7 apiece ; there were three 

times as many calves’ a as sheep. How many, were there of 
each? - Se 


Let a denote the oiiber of sheep ; thes 3 a will denote the 
number of calves. 
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Then z sheep, at $7 apiece, will come to 7 @ dolls., and 3.2 
calves, at $5 apiece, will come to 5 times 3 @ dolls., that is, 15x 
dolls. 

These added together must make the whole price. 

7@ +15 @ == 374 

Putting the x’s tovether, 22 4 == 374 
Dividing by 22, ¢ == ~ 17 = number of sheep. 
Se ee Se calves. 


The learner must have remarked by this time, that when a 
question is proposed, the first thing to be done, is to find, by 
means of the unknown quantity, an expression which shall be 
equal to a given quantity, and then from that, by arithmetical Op- 
erations, to deduce the value of tlie unknown quantity. 

This expression of equality between two quantities, is called 
an equation. Inthe last example, 7 +15 «= 374 is an equa- 
tion. 

The quantity or quantities on the left of the sign == are called 
the first member, those on the right, the second member of the 
equation. (7 ae 15 a) is the Best member of the above equa- 
tion, and 374 is the second member. 

Quantities connected by the signs ++ and —— are called terms. 
7 x and 15 @ are terms in the above equation. 

The figure written before a letter showing how many times the 
letter is’ to be taken, is called the cveficient of that letter. In 
the quantities 7 «, 15 2, 22 «5; 7, 15, 22, are coefficients of x. 

The process of forming an equation by the conditions of a 
question, is called putting the question into an equation. 

The process by which the value of the unknown quantity is 
found, after the question is put into an equation, is called solving 
or redueing the equation. 

No rules can be given for putting questrons into equations ; 
this must be learned by practice ; but, rules may be found for 
solving most of the equations that ever occur. 

After the preceding questions were put into equation, the first 


shing’ was to reduce all the terms containing the unknown quanti- 


>to one term, which was done by adding “the coefficients. As 
72+ 15acare 22a. Then, since 22 = 374, 1 « must be 
equal to 3, of 374. That is, | 

When the unknown quantity in one member is reduced to one 
term, and stands equal to a known quantity in the other, its value 


Sk by, 


Lassie 
Bie 
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is found by dividing the known quantity by the coefficient of the 
unknown quantity. 

10. A man bought some oranges, some lemons, and some 
pears, for 156 cents ; the oranges at 6 cents each, the lemons at 
4 cents, and the pears at 3 cents ; there was an equal number 
of each sort. Required the number of each. 


11. In fencing the side of a field, the length of which was 
450 yards, two workmen were employed ; one fenced 9 yards, 
and the other 6 yards per day. How maay days did they 
work? 

12. Three men built 780 rods of fence; the first built 9 
rods per day, the second 7, and the third 5 ; the second works 
ed three times as many days as the first, and the third, twice as 


many days as the second. How many days did each work? 
i 3 e 
13. A man bought some oxen, some cows, and some calves 


for $348; the oxen at $88 each, the cows at $18, and the 
calves at $4. There were three times as many cows as oxen, 
and twice as many calves as cows. How many were there of. 
each sort? 


14. A merchant bought a quantity of flour for $132; for one 
half of it he gave $ 5 per. barrel, and for the other half $7. How 
many barrels were there in the whole? 

_ Let @ denote one half the number of barrels. * 


15. From two towns, which are 187 miles apart, two travel- 
lers set out at the same time with an intention of meeting ; one 
of them travels at the rate of 8, the other of 9 miles each day. 
Yn how many days will they meet? 


es 
1S 1. A cask of wine was sold for $45, which was only 3 
of what it cost. Required the cost. * 
Let x denote the cost, es 


% m 4 ‘3 3) Un , Pe 
_Three fourths of 2 may be written $2 or —-, The latter is — 


te 


_ preferable. 
ee 45 
: 4 * 
Le 1 
" 4 ee - 
2 = 60 _ Ans. $60 
— um ° ‘ 
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lz 
If 2 of x comes to 45, then = must come to!of 45, or 


15, and z will be 4 times 15, or 60. 


y 


A better method. a 
ot é 
i a = 45 4 
Seti Oe 4s SO 
Ti==-60 


Observe, that ei the same as 1 of 32. Nowif tof 3¢@ 


is 45, 32 itself must be 4 times 45, or 180; 32 being 180, 
must be } of 180, whichis 60. 

2. A man, being asked his age, answered, that if its half and 
its third were added to it, the sum would be 88.. What was his 
age? 

Let z denote his age; then, 


bie aces 
al 2 ee 3 
Reducing thetermstoacom- 262 , 3% , 2e__ 
mon denominator, 6 sf 6 ee 
Adding them together, “= == '88 
1 of I1 x being 88, 11 x will be 6 times 88, 11 « = 528 
Dividing by 1], ba he. 


“Alns. 48 years. 


rod -3 ele ie of wine cost $ 65; what will a hogshead 
shat at that, rate? ' 


4. There is a pole 1 and 4 under water, and 5 feet out of © 


water; what is the length of the pole? 

Let x denote the whole length. Then = a = -++ 5 must be 
equal to the whole length. Hence, ; 
’ om a e B i rn 
es Me Pie, 
Reduewe to a common denominator, ' ae 


62 eee 
yale me whee ee isa 
ee ea et 


eo 
: 
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Adding together, Fae eo 


oo 
Since the two members are equal, if - be subtracted from 


both, they will still be equal; hence, 
: eb 
6 
and z == 30 ns. 30 feet. 

Proof. One half of 30 is 15, and one third of thirty is 10. 
Now 30 = 15 + 10+ 5. 

There is another mode of reducing the above equation which 
in most cases is to be preferred. It is the same in principle. 

If both members of an equation be multiphed by the same 
number they evidently will still be equal. 

In the equation, > 


4 x 
i — + 5. 
2 zs a 


First multiply both members by 2, the denominator of one of 
the fractions, and it becomes, 


ee 
Qa e+ —= +10. 
3 


Next multiply both members by 3, the denominator of the 

other fraction, and it becomes, 
6c—3e+22+ 30 
or 6z2—52- 30. 
Subtracting 5 « from both members, 
x == 30 as before. 

5. In an orchard of fruit trees } of them bear apples, 1 of 
them pears, } of them plums, 7 bear peaches, and 3 bear cher- 

ries; these are all the trees in the orchard. How many are 
_ there? a 


6. A farmer, being asked how many sheep he had, answered, 
he had them in four pastures; in the first he had 3 of them, in the 
second 3, in the third 3, and in the fourth he had 24 sheep. 

How many had he in the whole? 

_ __7, A person having spent } and } of his money, had $ 263 left. 
How much money had he at first? 

8. A man driving his geese to market, was met by another, 
who said good morrow, master, with your hundred geese; said 
he, I have not a hundred, but if I had as many more, and half 


sat 
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as many more, and two geese and a half, I should have a hundred. 
How many had he? 

9. A and B having found a bag of eae disputed about the 
division of it. A said that 4 k and } 2 and 1 of the money made 
$130, and if B could tell ‘how much money there was, he 
should have it all, otherwise none of it. How much money was 
there in the bag? 

10. Upon measuring the corn produced in a field, being 96 
bushels, it appeared that it had yielded only one third part more 
than was sown. How much was sown? 

11. A man sold 96 loads of hay to two persons; to the first 1, 
and to the second 3 of what his stack contained. How many 
loads did the stack contain at first? 

12. A and B talking of their ages, A says to B if 3, 3, ae 
of my age be added to my age, and 2 years more, the sum vill 
be twice my age. What was his age? 

13. What sum of mosey is that whose }, }, and } part added. 
together, amount to £9? 

14. The account of a certain school is as follows: 3 of the 
boys learn geometry, 3 learn grammar, 3, learn arithmetic, 3, 
learn spelling, and 9 learn to read. What is the number of 
scholars in the school? 

15. There is a fish whose head weighs 9 lb. his tail weighs 
as much as his head and half his body, and his body weighs as 


much as his head and tail both. What is the weight of the - 


fish? 
Represent the weight of the body by Be 


16. There is a fish whose head is 4 inches long, the tai 


twice the length of the head, added to 2 of the length of the. 


body, and the body is as long as the head and tail both. What 
is the whole length of the fish? 


17. A and B talking of their ages, A says to B, your age is 


twice and three fifths of my age, and the sum of our ages is 54. 
What is the age of each? 

18. A man divided $40 between two eer to the first he 
gave a certain sum, and to the second only 3? as much. How 
much digs he give to each? 


Let x denote the share of the first, ie will denote the share 
Q * 


+= 


ee. 
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of the second. These added together must make $ 40. 


Sy 
z+ — = 40 
u 5) 
Multiplying by 5, Sa-+ 3x2 = 200 
Adding together, 8.4 == 200 
Dividing by 8, zg == 25 = share of the first. 
a eh Ne Me second. 


19. Three persons are to share $290 in the following man-— 
ner: the second is to have two thirds, and the third three fourths 
as much as the first. What is the wha of each? 


20. A farmer wishes to mix 100 bushels of provender, con- 
sisting of rye, barley, and cats, so that it may contain $ as much 
barley as oats, and } as much rye as barley. How much of each 
must there be in the mixture? 


21. Divide 40 apples between two boys in the proportion of 
3 to 2. 

The proportion 3 to 2 signifies that the second will have 2 as 
many as the first. 


(9) 


22. A gentleman gave to 3 persons £98. The second re- 
ceived five-eighths of the sum given to the first, and the third 
one-fifth of what the second had. What did each receive ? 


23. A prize of $1280 was divided between two persons, im 
the proportion of 9 to 7.. What was the share of each? 


™ * 94. Three men trading in company, put in money in the fol- 
_ lowing proportion; the first 3 dollars as often as the second % 
and the third 5. They gain $960. What is each man’s share 
of the gain? 
4 the second put in 3 al what the first put in, and the 
third put in 3 


25. Three men traded tegether; the diet put in $700, the 
second § 450, and the third ri 950. They gained $420. What 
was the share of each? 

Observe, the second put in #3 == #3 = 3 of what the st put 
in, &c. 


» 


I r | Equations. 19 


IIT. 8 Two men, A and B, hired a pasture together for 
$55, and A was to pay $13 more than B. What’ did each 
ay? 
Z Suppose B paid z dollars ; A was to pay 13 dollars more ; 
therefore he paid « +13. These put together must make the 
whole 55 dollars. 
¢t+r+13=— 55 
Putting the x’s together, 
29 +18 55 
It appears that 2 is not so much as 55 by 13, therefore tak- 
mg 13 from 55, 
22 == 55 — 13 
; 2¢==A2 
Dividing by 2, * == .21\== B’s share. 
B’s share is $21, and A’s, being 13 more, is $34, 
x +13 == 21 + 13 = 34 = A’s share. 
Proof. 34 + 21 = 55 the whole sum. 


2. A man bought a horse and chaise for $300; the horse cost — 


$28 more than the chaise. What was the price of each f 


3. A man bequeathed his estate of $ 12000 to his son and 


daughter ; the son was to have $2350 more than the daughter. 
What was the share of each? 

4. A father who has three sons, leaves them 16000 crowns. 
The will specifies that the eldest shall have 2000 crowns more 
than the second, and that the second shal] have 1000 more than 
the youngest. What is the share of each? 

Let « denote the number of crowns in the share of the young- 
est, then 2 + 1000 will denote the share of the second, and 
x A: 1000 +- 2000 will denote the share of the eldest. These 
added together must make the whole sum. 

z+ «+ 1000 + 2 + 1000 + 2000 == 16000 
Putting together the z’s and the numbers, 
3. + 4000 = 16000 


Tt appears that 32 is not so much as 16000 i 4000, therefore 


subtracting 4000 from 16000, 
32 == 16000 — 4000 
32 == 12000 
Dividing by 3, a == 4000 = share of the youngest. 
The share of the youngest is 4000 crowns ; add to this at 
‘t makes 5000, the share of the second, 
x + 1000 = 5000 = share of the second 


uN 
ih See 
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Add 2000 more, it makes 7000, the share of the eldest, 
xz + 1000 + 2000 = 7000 = share of the eldest. 
Proof. The several shares added make 16000 crowns which 
is the whole estate. 


5. A draper bought three pieces of cloth, which together mea- _ 
sured 159 yards ; the second piece was 15 yards Jonger than 
the first, and the third was 24 yards longer than the second. 
What was the length of each? 


6. A gentleman bequeathed an estate of $ 65000 to his wife, 
two sons, and three daughters. The wife was to have $2000 
less than ‘the elder son, and $3000 more than the younger son; 
and the portion of each of the daughters was $3500 less than 
that of the younger son. Required the share of each. : 

The Ist example may be performed differently. Let ¢ de- 
note the number of dollars paid by A; B paid $13 less, there- 
fore x — 13 will represent the number of dollars paid by B. 
These added together must make the whcle. 

zta—13= 55 
Putting the x’s together, 24 — 13 = 55 
It appears that 22 is more than 55 by 13, therefore add 13 to 
55 to make 2 a, 


eS 
tines 


(Qe == 55 + 33 
2%-== 68 
Dividing by 2, x == 34 = A’s share. 


This gives A’s share $34, oi which subtract ¢ 18, and it gives 
B’s share $ 21, as before, 
4 -— 13 121 — B’s share. 

In the same manner perform the 2d and 3d. The 4th may 
be solved in a similar manner. ae 

Let the elder son’s share be represented by z. The second 
son’s share, being $ 2000 less, will be c—2000. The younger | 
son’s share, being ¢ 1000 less still, will be « — 2000 — 1000. 
These added together must make the whole sum. 

x + « — 2000 +’ — 2000 — 1000 = 16000 
Putting the «’s together and the numbers together, 
3 xz — 5000 = 16000. 

It appears that 3a is more than 16000 by 5000, therefore add 


5000 to 16000, 5 & 
32 = 16000 + 5000 7 
3a —= 21000 sad 


Dividing by 3, x= 7000 a 
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The elder son’s share is $7000, as before. The others may. 
be easily found from this. 

Again, let x denote the second son’s share. The elder son’s, 
being $2000 more, will be « + 2000. The younger son’s, 
being $ 1000 less, will be c — 1000. These added together 
must make the whole. 

x + 2000 + « + x — 1000 = 16000 
Putting the x’s together and the numbers together, 
3a + 1000 = 16000 
3 x == 16000 — 1000 
3x = 15000 
£9000 

The second son’s share is $5000, as before. From this the 
rest are easily found. 

Perform the 5th and 6th in a similar way. 


7. At a certain election 943 men voted, and the candidate 
chosen had a majority of 65. How many voted for each ? 


8. A person employed 4 workmen ; to the first of whom he 
gave 2 shillings more than to the second ; to the second 3 shil- 
lings more than to the third ; ; and to the third 4 more than to the 
fourth. ‘Their wages amounted to 32 shillings. What did each 
» receive ? 

9. A cask, which held 146 gallons, was filled with a mixture 
of brandy, wine, and water. In it there were 15 gallons of wine 
more than there were of brandy, and as much water as both wine 
and brandy. What quantity was there of each ? 

Observe, that after the question is put into equation, the pur- 
pose is to make # stand alone in one member of the equation, 
equal to a known quantity in the otler member, then the value 
of ris found. In the preceding examples in this Art. 2 has been 
found only in the first member, but connected with known quan- 
tities by the signs + and —. In the solution of these equations 
the first thing was to unite all the x’s into one term, and all the 
known quantities into another. Then, if the number which stood 
on the same side with x, had the sign +- before it, that number 
was subtracted from the other member of the equation ; but if t 
had the sign — before it, it was added to the other nember. 
Then the second member was divided by the coefficient of x, and 
the answer was obtained. 


10. A. ae B began to trade with equal stocks. In the first 
jear A gained a sum equal to twice his stock and £27 over; 


m 
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B gained a sum equal to bis stock and £153 over. Now the 
amount of both their gains was equal to 5 times the stock of 
either. What was the stock ? 

Let « denote the stock. Then A’s gain was 2a -+ 27, and 
B’s was « + 153. These added together must make 5 times 
the stock, that is, 5 x. 

5a=—2ae+27+ 244 153 
Uniting the z’s in 2d member, and the numbers, 
5x2 = 32+ 180 
Subtracting 3 x from both sides, 
Qe 180 
Ay coche 1X0) 


11. A young man being asked his age, answered that if 
the age of his father, which was 44 years, were added to twice 
his own, the sum would be four times his own age. What was 
his age f 


12. A man meeting some beggars, gave each of them 4 
pence, and had 16 pence left ; if he had given them 6 pence 
apiece, be would have wanted 12 pence more for that purpose. 
How many beggars were there, and how much money had 
ne? : 

Let x represent the number of beggars. 


13. A man has six sons, each of whom is 4 years older than 
his next younger brother ; and the eldest is three times as old as 
the youngest. Required their ages. 


14. Three persons, A, B, and C, make a joint contribution, 
which in the whole amounts to £76, of which A contributes 
a certain sum, B contributes as much as A and £10 more, 
and C as much as A and B both. Required their several 
contributions. ™ : 


* 
‘15. A boy, being sent to market to buy a certain quantity 
of meat, found that if he bought beef, which was 4 pence per 
pound, he would lay out all the money he was entrusted with ; 
but if he bought mutton, which was 34 pence per pound, 
he would have 2 shillings left. How much meat was he sent 
Cg ak # ; 


16. A man lying at the point of death left all his estate to 
his three sons, to be divided as follows : to A he gave one half 


of the whole wauting $600; to B one third ; and to C the rest, - 


i, : ms a 
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which was $100 less than the share of B. What was the whole 


estate, and what was each son’s share ? 
Let z represent the whole estate. 


A’s share will be ~ — 500 
B’s share, . 


— 100 


Go] & o9| 8 


C’s share, 


These together will be equal to the whole estate, which was 
represented by 2. 
r gore 
— — $00 — ——100=—=2z 
5 aes A : 


Uniting @’s and numbers in the first member, 


eet -600 
6 6 

2 6 

6 

2 = 360@ 


- The whole estate is $3600; the shares are $1300, $1200, 

and ¢ 1100, respectively. 

17. A father intends by his will, that his three sons shall 
share his property in the following manner ; the eldest is to 
receive 1000 crowns less than half the whole fortune 3 the 
second is to receive 800 crowns less than} of the whole 3 and 
the third is to receive 600 crowns less than 4 of the whole. 
Required the amount ef the whole fortune, and the share of 
each. 

18. A father leaves four sons, who share his property in the 
following manner 3 the first takes 3900 livres less than one half 
‘the fortune. ; 3 the second, «000. livres Jess than one third of the 
whole ; the third, exactly one fourth ; and the fourth takes 600 

livres more than one fifth of the itl: What was the whole 
_ fortune, and what did each receive ? 


ares 
TREO, 
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19. In a mixture of copper, tin, and lead; 16 Ib. less than 
one half of the whole was copper; 12 Ib. less than one third 
ef the whole was tin, and 4 Ib. more than one fourth of the 
whole was lead. What quantity of each was: there in the mix- 
ture ? 


20. A general fering lost a oe found that he had only 
3600 men more than one half of his army left, fit for action ; 
600 more than one eighth of them being wounded, and the rot, 
which amounted to one fifth of the whole army, either slain or 
taken prisoners. Of how many men did his army consist before 
the battle ? 


21. Seven eighths of a certaur number exceeds four fifths of 
it by 6. What is that number ? 


22. A and B talking of their ages, A says to B, one third of 
my age exceeds its fourth by 5 years. . What was his age? 
¥ as VWEQEN) 8 


23. A sum of money is to be divided between two persons, 
A and B, so that as often as A takes £9, B takes £4. Now it 
happens that A. receives 15 more than B. What is the share 


of each ? 


24.. Ju a mixture of wine and cider, 25 gallons more than half 
the whole was wine, and 5. gallons less than one third of the whole 
was cider.. How many gallons were there of each ¢ sng 


IV. 1. A man having some calves and some ee and 
being asked how many he had of each sort, answered, that he © 
had 20 more sheep than calves, and that tee times the number 
of sheep was equal to seven times the number of calves. How 
many were there of each ? 

Let x denote the number of calves. 

Then x + 20 will denote the number of sheep. 

7 times the number of calves is 72 3 3 times the aumber of 
sheep is 3.2 -+- 60; for it is evident that to take 3 times x + 20; 
it is necessary to multiply both terms of 3. 

By the conditions these must be equal, 
7z = 32 -+ 60. 
Subtracting 3 from both members, 
4x = 60 
x == 15 = number of calves. 
« + 20 = 35 = number of sheep. 
Ans. 15 calves, and 35 one's 


Neu, 
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2. Two men talking of their ages, the first says, your age is 
18 years more than mine, and twice your age is equal to three 
times mine. Required the age of each. 


3. Three men, A, B, and C, make a joint contribution, which 
m the whole amounts to £276. A contributes a certain sum, 
B twice as much as A and £12 more, and C three times as 
much as B and £12 more. Required their several contribu- 
tions. 


4. Aman bought 7 oxen and 11 cows for $591. For the 
oxen he gave $15 apiece more than for the cows. How much 
did he give apiece for each ? 

Let x denote the price of a cow. 

Then the price of an ox will be x + 15. 

11 cows at x dollars apiece will come to 11 x dollars. 

If one ox cost + 15 dollars, 7 oxen will cost 7 times # ++ 
15, which is 7 2 + 105. 

The price of the oxen and of the cows added together will 
make $ 591, the whole price. 

lle+7e-+ 105 = 591 


Uniting 2’s, 18.2 -+ 105 = 591 
Subtracting 105 from both members, 
18 x = 486 
Dividing by 18, g == 27 =='price'of cows. 


2 -25t5'== 42 = price of oxen. 

5. A man bought 20 pears and 7 oranges for 95 cents. For 
the oranges he gave two cents apiere more than for the pears. 
What did he give apiece for each ? 

6. A man “bought twenty oranges and 25 lemons for $1.95. 
For the oranges he gave 3 cents apiece more than for the lem- 
ons. What did he give apiece for each ? 

7. Two persons engage at play, A has 76 guineas, and B 52, 
before they begin. After a certain number of games lost and 
won between them, A rises with three times as many guineas as 
B. How many guineas did A win of B? 

Let x denote the number of guineas that A won of B. 

Then A, having gained « guineas, will have 76 + @ 

B, having lost 2 guineas, will have only 52 — a ~ 

A has now three times as many as B, that is, 3 times 52 — 2, 
which is 156 — 32. It is evident that both 52 and x must be 
n iltiplied by 3, because 52 is a number too large by 2, there- 

re 3 times 52 will be too large by 32. 

3 
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c+ 3a = 156 —~ 76 
4x2 = 156 — 76 
44 °== 80 
eo 90) 


Ans. 20 guineas. 

Proof. If A won 20 guineas of B, A will have 96 and B 32. 
3 times 32 are 96. 

This equation is rather more difficult to solve than any of the 
preceding. In the first place I subtract 76 from both members, 
s0 as to remove it from the first member: Then to get 3a out 
of the second member, which is there subtracted, I add 3 z to 
both members ; then the 2’s are all in the first member, and the 
known numbers in the other. 

N. B. Any term which has the sign ++, either expressed or 
understood, may be removed from one member to the other by 
giving it the sign — ; for this is the same as subtracting it from 
both sides. Thus « + 3 = 10; @ is not so much as 10 by 38, 
we therefore say c= 10-3. Again, 54==-18-+32, Now 
5x is more than 18 by 3.2, therefore we may say 5c —3xa=—=18. 

Any term which has the sign — before it may be removed 
from one member to the other by giving it the sign +. This 
is equivalent to adding the number to both sides. Thus 52 —3 
== 17. In this it appears that 5x is more than 17 by 3; there- 
fore we say 54=-17-+ 3. Agam, 5¢==32— 32. Here 
it appears that 52 is not so much as 32 by 323 therefore we 
say 52 + 34 = 32. This ts called transposition. 

Hence it appears that any term may be transposed from one 
member to the other, care being taken to change the sign. 

In the last example, 76 was transposed from the first member 
to the second, and the sign changed from ++ to —3; and 32 
was transposed from the second member to the first, and the 
sign changed from — to ++. This has been done in many of 
the preceding examples. 

When a number, consisting of two or more terms, ts to be mul- 


~ tiplied, all the terms must be multiplied, and their signs preserved. 


In the last example, 52 — 2, multiplied by 3, gave a product 156 
—3a2. 

8. A person bought two casks of wine, one of which held 
exactly three times as much as the other. From each he drew 
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4 gallons, and then there were four times as many gallons remain- 
ing in the larger as in the smaller. How many eallons were there 
in each at first ? 

Let x denote the number of gallons in the less at first. 

Then the number of gallons in the greater will be 3 2. 

Taking 4 gallons from each, the les will be « — 4 

And the greater : : . sa#—4 

The greater is now 4 times as large as the less ; 4 times 4 — 
4is 4a — 16. é 

4zx7—16=—34— 4 


By transposing 16, 4e—=32+ 16—4 
By transposing 3a, 4% —32—=16— 4 
Uniting terms, B= )i2\—>-less; 


3a == 36 = greater. 
/ins. “Less 12 gallons, greater 36 gallons. 
Proof. 36 is three times 12 according to the conditions. 
Take 4 from each, then one contains 32 and the other 8. 32 
is 4 times 8. 
9. A man when he was married was three times as old as his 
wile; after they had lived together 15 years, he was but twice 
as old. How old was each when they were married ? 


10. A farmer has two flocks of sheep, each containing the 
same number. From one of these he sells 39, and from the 
other 93; and finds just twice as many remaining in the one as 
in the other. How many did each flock originally contain ? 


1. A courier, who travels 60 miles per day, had been des- 
patched 5 days, when a second was sent to overtake him ; in 
order to which, he must go 75 miles per day; in what time will 
he overtake the former ? 


_ 12. A and B engaged in trade, A with £240, and B with £96. 
A lost twice as much as B; and upon settling their accounts it 
appeared that A had three times as much remaining as B. How 
much did each lose ? . 

Let x denote B’s loss, then 96 — z will denote what he had 
remaining. 2a will denote A’s loss, and 240 — 2a what he 
had remaining, &c. 

13. Two “aii began to play with equal sums of money ; 
the first lost 14 shillings, and the other won 14 shillings, and then 
the second had twice as many shillings as the first. What sum 
had each at first ? 
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14, Says A to B, I have 5 times as much money as you ;yes, 
says B, but if you will give me $17, I shall have seven times as 
much as you. How much had each? 


15. Two men, A and B, commenced trade ; A had $500 less 
than 3 times as much money as B ; A lost $1500, and B gained 
$900, then B had twice as much as A. How much had each 
at first? s 


16. From ‘each of 15 coins an Wisi filed the value of 2 shil- 
lings, and then offered them in payment for their original value ; 
but being detected, the whole were found to be worth no more 
than $145. What was their original value? 


17. A boy had 41 apples, which he wished to divide between 
three companions, as follows ; to the second he wished to give 
twice as many as to the first, and ‘three apples more ; and to 
the third he wished to give three times as many as to the 
second, and two apples more. How many must he give to 
each ? 


18. A person buys 12 pieces of cloth for 149 crowns : 2 are 
white, 3 are black, and7 are blue. A piece of the black costs 2 
crowns more than a piece of the white, and a piece of the blue 
costs 3 crowns more than a piece of the black. Required the 
price of each kind. 

See example 4th of this Art. 


19. A man bought 6 barrels of flour and 4 firkins of butter ; 
he gave $2 more for a firkin of butter, than for a barrel of flour ; 
and the butter and flour both cost the same sum. What did he 
give for each ? 


20. A grocer sold his brandy for 25 cents a ilies more than 
his wine, and 37 gallons of his wine came to as much as 32 gal- 
a a his brandy. What was each per gallon ? 


. A man bought 7 oxen and 36 cows; he gave $18 apiece 
more ates the oxen than for the cows, and the cows came to three 
times as much as the oxen wanting & 3, What was the price of 
each ? ? 


22. A man sold 20 oranges, some at 4 cents apiece, and some 
at 5 cents apiece, and the whole amounted to 90 cents. How 
many were there of each sort ? 

If he had sold 13 at 5 cents apleges then the number sold at 4 
cents apiece would be 20 — 13, or 7 


. 
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In the same manner, if he sold « oranges at 5 cents apiece, 
then he sold 20 — x oranges at 4 cents apiece. 2 oranges at 5 
cents apiece would come to 52 cents, and 20 — 2 oranges at 4 
cents apiece would come to 4 times 20 — @ cents, which is 80 
-— 42 cents. 

These added moge ther must make 90 cents, therefore 

5@ + 80 — 49 = 90 
By transposing 89 and uniting terms, v == 10 at 5 cents. 
. ns. 10 of each sort. 


23. A man dying left an estate of $2500 to be divided be- 
tween his two sons, in such a manner, that twice the elder son’s 
share should be equal to three times the share of the second. 
Required the share of each. 

Let x denote the younger son’s share. 

Then 2500 — z will denote the elder son’s share. 

Twice the elder son’s share is 5000 — 2 «a. 

By the conditions, 32= 5000 —2-2 
By transposition, 5 « == 6000 
Dividing by 5, oe ==" T0O0 
2500 —.1000 = 1500 
ins. Elder son $ 1500, younger son ¢ 1000. 


24. Two robbers, after plundering a house,. found they hac 
35 guineas between them ; and that if one of them had 4 guineas 
more, he would have twice as mauy as the other. How many 
had each? 


25. Aman sold 45 barrels of flour for $279 ; some at § 5 
and some at $S per barrel. How many barrels were there of 
each sort? 


26. A man sold some oxen and some cows for $3303 the 
whole number was 15. He soid the cows for $17 apiece, and 
the oxen for $32 apiece. How many were there of each 
sort? 


27. After A had lost 10 guineas to B, he wanted only 8 guineas 
in order to have as much money as B ; and together they had 60 
guineas. What money had each at first? 

Let x be the number of guineas A had. 

Then 60 — z will be the number B had. 

A lost 10 to B, therefore A’s is diminished by 10, and B’s 
increased by 10, which makes A’s x —- 10, and B’s 70 — z. 

3% 
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fs) 
By the conditions, «—10+8=70—¢2z 
Transposing and uniting, 27 == 72 


x 386 = what A had. 
60 — 36 = 24 = what B had. 


28. Divide the number 197 into two such parts, that four times “ 
the greater may exceed five times the less by 50. 


29. Two workmen were employed together for 50 days, at 5 
shillings per day each, A spent 6 pence a day less than B did, 
and at the end of the 50 days he found he had saved twice as 
much as B, and the expeuse for two days over. What did each 
spend per day? 

Let x denote what A spent per day (in pence). 

Then 60 — wz (5s. being 60d.) will be what he saved per .” 
day. 

B saved 6d. Jess than A. 

Therefore 54 — x will be what B saved per day. 

Multiplying both by 50, the number of days, 

A saved 3000 —— 50a, and B saved 2700 — 50. 

By the conditions A saved 22 more than twice what B 
saved. 


Therefore 3000 — 502 = 5400 — 1002+ 22 


Transposing and uniting, 48 « = 2400 
== §0 == what A spent. 
50°+ 6 == 56 .= what-.B spent. 
Vv. Two persons talking of their Hees A said he was 


25 years ae than B, and fee one half cf his age was equal 
to three times that of B wanting 35 years. What was the age 
of each? 

Let a denote the age of B. 

Then the age of A will be a + 25. 


3 of x + 25 is expressed = i a8 
Hence we have 32 — 35 = = 
Multiplying by 2, 62—70=— « + 25 
By transposing z and — 70, Ga2— x=: 25+ 70 
Uniting terms, 5 ao =e 06 
Dividing by 5, x == 19 = B’s age. 
x + 25 == 44 = A’s age. 
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: Note. F Since 3 of « + 25 is 3z— 35, 4 +25 must be twice 
2. Two men talking of their horses, A says to B, my horse 
is worth $25 more than yours, and 2 of the value of my 
horse is equal to 3 of the value of yours. What is the value 
of each? 
Let x denote the value of B’s horse. 
Then the value of A’s wiil be 2 + 25. 
2 +25 Sa+75 


tof «-+ 25 is —, 2is3 times as much, thatis ee" 
5 
aa Poe Cat te es 
By the conditions, 2 ee 
4 5 
: 
Multiplying by 5, a= Be475 
Multiplying by 4, 15 «122+ 300 
3 © = 300 
to LOO 


Ans. A’s $125, B’s $100. 
Proof. The first condition is evidently answered. With re- 
gard to the second, 2 of 125 is 75, and 3 of 100 is 75. 

3. Two men talking of their ages, one says, my age is now 3 
of yours, but in twenty years from this time, if we live, it will 
be # of yours. Required the age of each. 

Suppose tlie age of the elder x. 


Then the younger will be a 

In 20 years the age of the elder will be z + 20, and of the 
younger a+ 20. 
42+80 30 

emer pte 
5 4 a 

AOE liz 
Multiplying by 5, 42+ 80= al 100 
Multiplying by 4, 16 2 + 320-152-4400 


Transposing 15 2, bea — 400 —320 
and 320, 162—15 «=400 2 


By the conditions 


c= 80 = age of elder. 


a= 60 = age of younger. 
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4. A man being asked the value of his horse and chaise, 
answered, that the chaise was worth $50 more than the 
horse, and that one half of the value of the horse was equal to 
one third of the value of the chaise. Required the value of 
each. ” 

5. Two persons talking of their ages, the first says, 3 of my 
age is equal to 2 of yours ; and the difference of our ages is 10 
years. What are their ages? , 

6. There are two towns situated at unequal distances from 
Boston, and on the same road. They are 30 miles apart. 3 
of the distance of the second from Boston is equal to 4 of 
the distance of the first. What is the distance of each from 
_ Boston? ; 

7. A man being asked the value of his horse and saddle, an- 
swered, that his horse was worth $114 more than his saddle, 
and that 2 of the value of his horse was 7 times the value of his 
saddle. What was the value of each? 

8. A hare is 40 rods before a greyhound, but she can run only 
tas fast as the greyhound. How far will each of them run be- 
fore the greyhound will overtake the hare? 


9. A gentleman paid 4 laborers $136 ; to the first he paid = 


3 times as much as to the second wanting $4; to the third one — 
half as much as the first, and $6 more; and to the fourth 4. 
times as much as to the third, and $5 more. How much did he 
pay to each? 


10. A man bought some cider at $4 per barrel, and some 
beer at $7. There were 6 barrels more of the cider than of the 
beer ; and 2 of the price of the beer was equal to 3 of the price 
of the cider. Required the number of barrels of each. 

11. Two men commenced trade together; the first put in 
£40 more than the second, and the stock of the first was to 
that of the second as 14 to 5. What was the stock of each? 

14 to 5 signifies the second is ,% of the first. 

12. A man’s age when he was married was to that of his 
wife as 3 to 23; and when they had lived together 4 years, his 
age was to hers as 7 to 5. What were their ages when they 
were married? 


13. A and B began trade with equal sums of money. In the 


first year A gained £40, and B lost £40; but in the second, 


A lost one third of what he then had, and B gained a sum less . 
; . ss 
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by £40 than twice the sum A had Jost; when it appeared that 
B had twice as much money as A. What ey did each be- 
gin with? 

Let « be the number of pounds each had at Stost: The « + 
40 will be the sum A had at the end of the first year; and 2 — 
40 the sum B had. 

The second year A lost 3 of what he then had, consequently 


he saved 3; his sum will then be — pe fee y 


° 


B gained twice as much as A lost wanting £40; his will be 


— 40-225) _ 40. 
B had now twice as muchas A, 
a 2 gts 20 ss v4 


Multiply: ing by 3, 
r+ 160-32 —120+2«+80—120. 
Pik cpoaie and uniting, 
— £==— 320. 
Transposing again, 320-2, 
Ans. £320. 
_ «Note. In this example the result had the sign — in both 
members, but by transposing it has the sign +. It would have 
been the same thing if the signs had been changed without trans- 
posing. The result would have come out right if the first mem- 
ber had been made the second, and the second first, in the first 
equation. 

14. A person playing at cards, cut the pack in sucha manner, 
that 3 of what he cut off were equal to 2 cf the remaimder. How 
many did he cut off? 

15. Divide $183 between two men, ¢o that ¢ of what the first 
receives, shall be equal to #,of what the second receives. What 
will be the share of each? 

46. A man sold 20 bushels of grain, rye and wheat; the rye 
at 5s. and the wheat at 7s. per bushel; 3 of the rye came to as 
much as § of the wheat. How much was there of each? 

17. What number is that from which if 5 be subtracted two 
thirds of the remainder will be 40? 

~A man has a lease for 99 years; and being asked how 


; od 
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much of it was already expired, answered, that two thirds of the 
time past was equal to four fifths of the time to come. Required 
the time past, and the time to come. 


19. Itis required to divide the number 50 into twosuch parts, 
that three fourths of one part added to five sixths of the other 
may make 40. 


20. Two workmen received equal sums for their work ; but 
if one of them had received 18 dollars more, and the other 3 
dollars less, then? of the wages of the latter would have been 
equal to 1 of the wages of the former. How much did each re- 
ceive? 

21. A certain man, when he married, found that his age was 
to that of his wife as 7 to 5; if they had been married-8 years _ 
sooner, his age would have been to hers as 3 to 2. What were 
their ages at the time of their mar riage? 


VI. t. Divide the number 68 into two such parts, that the 
difference between the greater and 84, may be equal to three 
times the excess of 40 abave the less. 

Let x = the less. 

Then 68 — «= the greater. 

68 — x must be subtracted from 84. Observe that 68 —2 is 
not so great as 68 by z. Therefore if I subtract 68 from 84, T _ 
shall subtract too much by the quantity 7, and J must add 2 to— 
obtain the true result. 

Then we have 84 — 68 +: « for the difference petsetin ae. and 
68 — x. 

The excess of 40 above is less is 40 —a, and 3 times this 
is 120 — 32. 

By the conditions, 84 — 68+ «7 = 120—3z 

Transposing and uniting, 4x = 104 

Dividing by 4, == 26 s=less, 

sh 63 — 26 = = 42 = greater. 

Note. In this question 68 — # was subtracted from 84. In-. 
stead of x, now put its value, 68 — 26. Now 68 — 26 = 42, a 
that is, the number to be subtracted from 84. is 42, and the an- 
swer must be 42. When 68 is subtracted from 84, the result 
is 16, which is too small by 26, the value of ; to this it is ne- 
cessary to add 26, and it makes 42, the true result, 84 — 68 ++ 

96=— 42, This shows that we did right in adding a after sub- — 
tracting 68. This will always be found true. Therefore, — 
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“when any of the quantities to be subtracted have the sign — be- 
fore them, they must be changed to + in subtracting, and those 
which have ++ must be changed to —. 


2. A gentleman hired a laborer for 20 days on condition that, 
for every day he worked, he should receive 7s., but for every 
day he was idle, he should forfeit 3s. At the end of the time 
agreed on he received 80 shillings. How many days did he 
work, and how many days was he idle? 

Let «= the number of days he worked. 

Then 20 — «== the number of days he was idle. 

x days, at 7s. a day, would come to 7 = shillings. 

20 — «a, at 3s. per day, would be 60 — 3 x shillings. "This 
must be taken out of 7 2. 

By the above rule 60—3 x, subtracted Po 7 x, leaves 7 & 
— 60+ 3 2; for 60 is too much to be subtracted by 3 z. 

By the conditions, 
72—60+32 = 80. 
Transposing and uniting, 
10 «== 140. 
Dividing by 10, Does A pee = days he worked. 
20—a== 6 = days he was idle. 


3. Two men, A and B, commenced trade; A had twice as 
much money as B ; A gained $50, and B lost $90, then the 
difference between A’s and B’s money was equal to three times 
what B thenhad. How much did each commence with? 

4. Two men, A and B, played together ; when they com- 
menced they had $20 between them, after a certain number of 
games, A had won §$ 6, then the excess of A’s money above B’s 
was equal to 3 of B’s money. How much had each when they 
commenced? — 

_ 5. Divide the number 54 into two such ‘parts that the less 
subtracted from the greater, shall be equal to the greater subtract- 
rom three times the less. What are the parts? 

“6 ‘tis required to divide the number 204 into two such parts 
that 2 of the less’ Cone subtracted from the greater, the remainder 
will be equal to j of the greater subtracted from four times the 
less. - ; 

Let « = erfirer part. / ia 

Then 204 —2= the less part. 
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2 of the less is ae “a 


By the conditions, 


408 “9 aac a gta gas oF 
5 7 


— 


Multiplying by 5, 
: ) | | 152 
5 x—408 + 24 —= 4080 — 20 2 — re 


Multiplying by 7, 
35 @ 2856 + 14 == 28560 — 140 x — 15 a. 
Transposing and uniting, 


204 x = 31416 
eee 
204 — 2 == 50 


Let x denote the less number, and solve the question again. 

Note. Observe, that after multiplymg by 5 in the above 
example, the signs of both terms of the numerator were chang- 
ed, that of 408 to —, and that of 2 2 to +; this was done be- 
eause it was not required to subtract so much as 408 by 2.2. 
The change of signs could not be made before multiplying by 
5, because the sign — before the fraction showed that the 
whole fraction was to be subtracted. If the signs of the frac~ 
tion had been cnanged-at first, it would have been necessary to 
put the sign + before the fraction. This requires particular at- 
tention, because it is of great importance, and wise is danger of 
forgetting it. 


7. A man bought a horse and chaise for $ 344. Now if? oot; 
the price of the horse be subtracted from twice the price of the 
chaise, the remainder will be the same as if $ of the price of 
the chaise be subtracted from three times the price of the horse. 
Required the price of each. is 


8. Two men, A and B, were Siapins at cards ; when they 
began, A had only 3 as much. money as B. A won of B $23; 
then 1 of B’s money, subtracted from A’s, v would leave one 
half of what A had at first. How much had each when they 
_ began? 4 

9. A man'has a horse and chaise. The Tile 5 worth $ 44 
Jess than the chaise. If 4 of the value of the horse be sub- 
tracted from the value of the chaise, the remainder will be the 
same as if from the value of the horse you subtract 2 of the ex- 
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cess of the value of the horse above 84 dollars. What is the 
value of the horse? 


VII. The examples in this article are intended to exercise 
the learner in putting questions into equation. They require 
no operations which have not already been explained. It 
was remarked, that no rule could be given for putting ques- 
tions into equation, but there is a precept which may be very 
useful. ; 

Take the unknown quantity, and perform the same operations 
on it, that uf would be necessary to perform on the answer to see 
if i was right. When this is done the question is in equation. 


A and B, being at play, severally cut packs of cards so as 

to eke off more than they left. Now it happened that A cut 
off twice as many as B left, and B cut off seven times as many 
as A left. How were the cards cut? 

Let x == the number B left. 

Then 2 + = the number A cut off. 

52 — «x = the number B cut off. 

52 — 22 = the number A left. 
By the conditions, 7 times 52 — 2.x are equal to 52 — «. 

364 — 14¢4= 52 —z. 

Take the numbers of the answer and endeavor to prove that 
_ they are right, and you will see that you take the same course as 

above. 


2. A man, at a card party, betted 3s. to 2 on every deal. 
After twenty deals he had won 5 shillings. At how many deals 
did he win? 

Let « = the number of deals he won. 

Then 20 — x = the number of deals he Jost. 

i Every time he won, he won 2 shillings ; that will be 2 x shil- 
ings. 

Every loss was 3: sfldlides ; that will be 3 times 20 — x, or 
60—32. 

The loss must be taken from the gain, Bi he will have 5 shil- 
ae left. ae 
2x—60+327=5. 

3 What two numbers are to each other as 2 to 3; to each 

of ee if 4 be added, the sums will be as 5 to 7. 
4 
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Let x = the first number. 


Then = == the second. 


Adding 4 to each, they become # + 4, and ih + 4. 


The first is now $ of the second, or the second is 2 of the 
first. 


Be ag he. 
5 
4. A sum of money was  . between two persons, A and 
B, so that the share of A was to thatof Bas 5 to 3. Now A’s 
share exceeded $ Sof the whole sum by $50. What was the’ 
share of each person? 


Let «g == A’s share. 
32 , 
Then ae B’s share. 
x a == whole sum. 
3 as 15 2 ee x 
ine ek Se 


By the Patient 
oo ate ©. 450, 


5. The joint stock of two partners, whose particular shares 
differed by 48 dollars, was to the less as 14 to 5. Required 
the shares. 


6. Four men bought an ox for $43, and agreed that those, 
who had the hind quarters, should pay } cent per pound more 
than those, who had the fore quarters. A and B had the hind 
quarters, C and D the fore quarters. A’s quarter weighed 158 
lb., B’s 163 lb., C’s 167 Ib., and D’s 165 lb. What was each 
per lb., and what did each man pay? 


ih ok 

7. A certain person has two silver cups, and only one cover 
for both. The first cup weighs 12 oz. If the first cup be cov-. 
ered it weighs twice as much as the other cup, but if the second 
be covered it weighs three times as much as the first. What is 
the weight of the cover, and of the second cup? ae 


«~ & 
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Let _ « == weight of the cover. 
Then 12-42 = weight of the first cup covered. 


And ~~ 6 += weight of the second cup, &c. 


8. Some persons agreed to give 6d. each to a waterman for 
carrying them from London to Gravesend ; but with this condi- 
tion, that for every other person taken in by the way, three pence 
should be abated in their joint fare. Now the waterman took in 
three more than a fourth part of the number of the first passen- 
gers, in consideration of which he took of them but 5d. each. 
How many persons were there at firsi? 

Let x == the number of passengers at first. 


Then = + 3=the number taken in, &c. 


9. Four places are situated in the order of the four letters, 
A,B,C, D. The distance from A to D is 134 miles, the dis- 
tance from A to B is to the distance from C to D, as 3 to 2, and 
one fourth of the distance from A to B, added to half the dis- 
tance from C to D, is three times the distance from B to C. 
What are the respective distances? 

10. A field of wheat and oats, which contained 20 acres, was 
put out to a laborer to reap for $ 20; the wheat at $1.20 and 
the oats § 0.95 per acre. Now the laborer falling ill reaped only 
the wheat. How much money ought he to receive according 
to the bargain? . 

11. Three men, A, B, and C, entered into partnership; A 
paid in as much as B and one third of C ; B paid as much as C 
and one third of A; and C paid in $10 and one third of A. 
What did each pay in? 


Let w =the sum A contributed. 
Then = +10 ea eG Os 
and = + Loe 3= UO eB OOO Rene 


12. A gentleman gave in charity £46 ; a part of it in equal 
‘portions to 5 poor men, and the rest in equal portions to 7 poor 
women. Now the share of a man and a woman together 
amounted to £8. What was given to the men, and what to the 
women? 


. 
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Let 2 == the sum a man received. 

Then 8 — x = the sum a woman received, &c. 

13. Suppose that for every LO sheep a farmer kept, he should 
plough an acre of land, and should be allowed an acre of pas- 
ture for every 4 sheep: . How many sheep may that person keep 
who farms 700 acres? 

Let x = the whole number of sheep. 

The number of acres ploughed will be #4, of the number of 
sheep ; and the number of acres of the pasture will be 3} of the 
number of sheep ; both these added together must be the whole 
number of acres, &c. 

14. A, B, and C make a joint stock; A puts in $70 more 
than B, and $ 90 less than C ; and the sum of the shares of A 
and B is 4of the sum of the shares of B and ©. What did 
each put in? 

Let z= the sum that B put in, &c. 

15. Divide the number 85 into two such parts that if the 
greater be increased by 7 and the less be diminished by 8, they 
will be to each other in the proportion of 5 to 2. 


16. It is required to divide the number 67 into two such parts 
that the difference between the greater and 75 rnay be to the 
excess of the less over 12 in the proportion of 8 to 3. 


17. A man bought 12 lemons and a pound of sugar for 56 
cents, afterwards he bought 18 lemons and a pound of sugar at 
the same rate for 74 cents. What was the price of the sugar, 
and of a lemon? 


Let a == the price of the sugar. 
Then 56 — x = the price of 12 lemons. 
And aoe = the price of 1 lemon. 
In the same manner, 
74 — : 

ie * = the price of a lemon. 
Hence te bs &c. 

12 18 


18. A man bought 5 oranges and 7 lemons for 58 cents ; af- 
terwards he bought 13 oranges and 6 lemons at the same rate 
for 102 cents. What was the price of an orange, and of a 


lemon? 
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Let 2 == the price of an orange. 
58 —95 : : 
Then 2" == the price of a lemon by the first condi- 
tion, &c. 


19. A footman, who contracted for $72 a year and a livery 
suit, was turned away at the end of 7 months, and received only 
$ 32 and the livery. What was the value of the livery? 


20. A landlord let his farm for £10 a year in money anda 
certain number of bushels of corn. When corn sold at 10s. a 
bushel, he received at the rate of 10s. an acre for his land ; but 
when it sold for 13s. 6d. a bushel, he received 13s. an acre. 
How many bushels of corn did he receive? 

Let x = the number of bushels. 

Then 102-+-200 = the year’s rent in shillings; 
Se the number of acres. 

27 « + 400 =the year’s rent at the second rate in six- 


pences. 


ee == the number of acres, which must be equal to 


the other, &c. 


21. A man commenced trade with a certain sum of money, 
which he improved so well, that at the year’s end he found he 
had doubled his first stock wanting $ 1000; and so he went on 
every year doubling the last year’s stock wanting 41000 ; at 
the end of the third year he found that he had just three times 
as much money as he commenced with. What was his first 
stock? 


22. A man, having a certain sum of money, went to a tavern, 
where he. borrowed as much money as he then bad, and then 
spent a shilling ; with the remainder he went to another tavern, 
where he borrowed as much as he then had, and then spent a 
shilling, and so he went to a third and a fourth tavern,. borrow- 
ing and spending as before ; after which he had nothing left. 
How much money had he at first? 

23. It is required to divide the number 60 into two such parts, 
that one seventh of the one may be equal to one eighth of the 
_ other. 

is 4* 


42 Algebra. Vil. 


24. It 1s required to divide the number 85 into two such parts 
that 2? of the one added to § of the other may make 60. 


25. It is required to divide the number 100 into two such 
parts, that if one third of one part be subtracted from one fourth 
of the other, the remainder may be 11. 


26. It is required to divide the number 48 into two such parts, 
that one part may be three times as much above 20, as the other 
wants of 20. 


27. A man distributed 20 shillings among 20 people, giving 6 
pence apiece to some, and 16 pence apiece to the rest. What 
number of persons were there of each kind? 


28. A man paid £100 with 208 pieces of money, a part gui- 
neas at 21s. each, and a part crowns at 5s. each. How many 
pieces were there of each sort? eee 


29. A countryman had two flocks of sheep, the smaller 
consisting entirely of ewes, each of which brought him 2 
lambs. On counting them he found that the number of 
lambs was equal to the difference between the two flocks. If 
all his sheep had been ewes, and brought forth three lambs 
apiece, his stock would have been 432. Required the number 
in each flock. 

Let :, x == the number in the less. 

Then 2 x= the number of lambs. 

3 @ == the number in the larger. 
4 x = the number in both, &c. 


30. When the price of a bushel of barley wanted but 3d. to 
be to the price of a bushel of oats as 8 to 5, four bushels of bar- 
ley and 7s. Gd. in money were given for nine bushels of oats. 
What was the price of a bushel of each? 

Let x == the price of a bushel of oats in pence. 


BBS 


Then pe 3= the price of a bushel of barley, &c. , 


_ 31. A market-woman bought a certain number of eggs at the 
_ rate of 2 fora cent, and as many at 8 for a cent, and sold them 
out at the rate of 5 for two cents; after which she observed, 


that she had lost four cents by them. How many eggs of each. 


sort had she? 


eS 
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== the number of each sort. 


Let © 
Then = the price of « egys at 2 for a cent. 
And = the price of « eggs at three for a cent. 


These added together make what the eggs cost. 
The whole number is 22; these at 5 for two cents come to 


42 
—— cents. 
5 
By the conditions, = + ey + 4, 
2 3 5 


32. A cistern has two fountains to fill it; the first will fill it 
alone in 7 hours, and the second in 5 hours. In what time will 
the cistern be filled, if both run together? 

Let x = the number of hours required to fill it. 

The first would fill } of it in an hour, and the second would 
fill } of it in an hour. 

Both together then would fill } + 4 in an hour; and in « hours 


both would fill = + 2 of it. But by the conditions it was to 
be filled in x hours. . 
Therefore, - + = == 1 cistern. 

oO - 


33. A gentleman, having a piece of work to do, hired two 
men and a boy to do it; one man could do it alone in 5 days, 
the other could do it alone in 8 days, and the boy could do it 
alone in 10 days. How long would it take the three together to 
do it? 

34. A cistern, into which the water runs by two cocks, A 
and B, will be filled by them both running together in 12 hours; 

~and by the cock A alone in 20 hours. In what time will it be 
filled by the cock B alone? 
Let « = the time in which B will fill it alone. Both will fill 
#s of it in an hour, A alone 4, of it, and B will fill 3, — 4, of it in 
an hour, &c. | 
_ 85. A man and bis wife usually drank out a vessel of beer in 
ig but when the man was from home it would usually last 


d 
wife alone 30 days. In how many days would the man alone 
. it out? 


op 


_ horse? 
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36. The hold of a ship contained 442 gallons of water. 
This was einptied out by two buckets, the greater of which, 
holding twice as much as the other, was emptied twice in three 
minutes, but the less three times in two minutes; and the 
whole time of emptying was 12 minutes. Required the size 
of each. ee : 

The greater was emptied § times in the 12 minutes, &c. 

37. Two persons, A and B, have the same income. A saves 
1 of his; but B, by spending £80 a year more than A, at the 
end of 4 years finds himself £220 in debt. What did each 
receive and expend annually ? 

38. After paying 3 of my money, and ! of the remainder, I 
had 72 guineas left. How much had J at-first? 

39. A bill of £120 was paid in guineas and moidores, the 
guineas at 21s., and the moidores at 27s. each; the number of 
pieces of both sorts was just 100. How many were there of 
each? 


40. It is required to divide the number 26 into three such 
parts, that if the first be multiplied by 2, the second by 3, and 
third by 4, the products shall all be equal. 


Let x = the first part. The second part must be , and 


the third part Ze or = ee 
4 2 


41. It is required to divide the number 54 into three such 
parts, that 3 of the first, 3 of the second, and } of the third, may 
be all equal to each other. 

Let 2x = the first part. 

Then 3.2 == the second part, &c. 

42. A person has two horses and a saddle, which of itself 


is worth £25. Now if the saddle be put.upon the back of the 
first horse, it will make his value double that of the second; 


but if it be put upon the back of the second, it will make 


his value triple that of the first. What is the value of each 


43. A man has two horses and a chaise, which is worth 


#183. Now if the first horse be harnessed to the chaise, the 


horse and chaise together will be worth once and: two sevenths 
the value of the other; but the other horse being harnessed, 
the horse and chaise together will be worth once and five 


: * 
Te 


4 
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eighths the value of the first. Required the value of each 
horse. 


Equations with two Unknown Quantities. 


VIII. Many examples involve two or more unknown quan- 
tities. In fact, many of the examples already given involve 
several unknown quantities, but they were such, that they 
could all be derived from one. When it is necessary to use 
two unknown quantities in the solution, the question must al- 
ways contain two conditions, from which two equations may 
be derived.. When this is not the case the question cannot 
be solved. 


1. A boy bought 2 apples and 3 oranges for 13 cents; he 
afterwards bought, at the same rate, 3 apples and 5 oranges 
for 21 cents. How much were the apples and oranges apiece? 
Let « = the price of an orange, 
and y = the price of an apple. 

° 32 + 2y — 13, 
2. 5a + 3y — 2. 
Multiply the first equation by 3, and the second by 2, 
3. on +6 y= 39 
. 102 + 6 y= 42. 
Subtract the first from the second, because the y’s being alike 
in each, the difference between the numbers 39 and 42 must 
depend upon the 2’s. 
; x = 3 cents, the price of an orange. 

Putting this value of 2 into the first equation, 

*. ; y = 2 cents, the price of an apple. 

Proof. 2 apples at 2 cents each come to 4 cents, and 3 
oranges at 3 cents come to 9 cents. 94+ 4-—= 13. So 3 

pples and 5 oranges come to 21 cents. 

Note. In this example I observed, that the coefficient of y 
in the first equation is 2, and in the second, the coefficient of 
y is 3. I multiplied the whole of the first equation by 3, and 
the whole of the second by 2; this formed two new equations 
in which the coefficients of y are alike. If the first equation 
had been multiplied by 5 and the second by 3, the coefficients 
of z would have been alike, and x instead of y would have been 


4 


sae 
ea 
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made to disappear by subtraction, and the same result would 
have been finally obtained. It is evident, that the coefficients 
of either of the unknown quantities may always be rendered alike 
in the two equations, by multiplying the first equation by the 
coefficient which the .quantity that you wish to make disappear 
has in the second equation; and the second equation by the co- 
efficient which the same quantity has in the first equation. They 
may be rendered alike more easily, when they have a common 
multiple less than their product. 


2. A person has two horses, and a saddle which of itself is 
worth £10; if the first horse be saddled, he will be worth § as 
much as the other, but if the second horse he saddled, he will 
be worth 2 as much as the first. What is the value of each 
horse? 

A question similar to this has already been solved with one 
unknown quantity, but it will be more easily solved by using 
two of them. 


Let a = the value of the first horse, 
and y = the value of the second horse. 
1. By the conditions, <u =2z+10 
2. « = =y-+ 10 
tee 6 y 
3. By transposition, 7 ae 10 
: 82 
4. « —— y=] 
5 y 8 


Multiply the 3d by 7, and the 4th by 5, to free them from 

denominators; 

5. —7r+6y=70 

6. 82 —5y=50 s 

_ Multiply the 5th by 5 and the 6th by 6, in order to make the 
coefficients of y alike in the two; 

0% — 352+ 30 y = 350 

- 8 48 « — 30 y = 300 
Add together 7th and 8th, 

9: 48 2 — 350 -+ 30y— 30 y = 350 + 300 

10. Uniting terms, 13 2 = 650 

11. r= 50 


VIII. Equations with two Unknown Quantities. 4? 


Putting 50, the value of x, into the 5th, 


12. 6y — 350 = 70 
13 6 y = 420 
14. = 70 


“ns. The first is worth £ 50, and the second £70. 
Note. In this example the 30 y in the 7th equation had the 
sign ++ , and in the 8th the sign — before it, hence it was neces- 
sary to add the two equations together in order to make the y 
disappear, or as it is sometimes called, to eliminate y. ee 


3. A market-woman sells to one person, 3 quinces and 4 
melons for 25 cents, and to another, 4 quinces and 2 melons, 
at the same rate, for 20 cents.. How much are the quinces and 
melons apiece? 


4. In the market I find I can buy 5 bushels of barley and 6 
bushels of oats for 27s., and of the same grain 4 bushels of bar- 
ley and 3 bushels of oats for 18s. What 1s the price of each per 
bushel ? 


5. My shoemaker sends me a bill of $12 for 1 pair of boots 
and 3 pair of shoes. Some months afterwards he sends me a 
bill of § 20 for 3 pair of boots and 1 pair of shoes. What are 
the boots and shoes a pair? 


6. Three yards of broadcloth and 4 yards of taffeta cost 57s. 
and at the same rate 5 yards of broadcloth and 2 yards of taffeta 
cost 81s. What is the price of a yard of each? 


7. A man employs 4 men and 8 boys to labor one day, and 
pays them 40s.; the next day he hires, at the same wages, 7 
men and 6 boys, and pays them 50s. What are the daily wages 
of each? 


8. A vintner sold at one time 20 dozen of port wine and 30 
doz. of sherry, ard for the whole received £120; and at another 
» time, sold 30 doz. of port and 25 doz. of sherry at the same 
- prices as before, and for the whole received £ 140. What was 

the price of a dozen of each sort of wine? . 


9. A gentleman has two horses and one chaise. The first 
horse is worth $180. If the first horse be harnessed to the — 
chaise, they will together be worth twice as much as the second 
horse, but if the second be harnessed, the horse and chaise will 
be worth twice and one half the value of the first. What is the 
value of the second horse, and of the chaise? 


a 
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10. Two men, driving their sheep to market, A says to B, 
give me one of your sheep and I shall have as many as you; B 
says to A, give me one of your sheep and I shall have twice as 
many as you. How many had each? 

Let x == the number A had, 

And y = the number B had. 

If B gives A one, their numbers will be 

z+ 1 and y — 1. 
If A gives B one, their numbers will be 
z«—Jandy-+ 1], &c. 

11. If A gives B $5 of his money, B will have twice as _ 
much as A has left; but if B gives A $5 of his money, A ~ 
will have three times as much as B has left. How much has 
each? te ae a 

12. A man bought a quantity of rye and wheat for £6, the | 
rye at 4s. and the wheat at 5s. per bushel. He afterwards sold — 
1 of his rye and 3 of his wheat at the same rate for £2 17s. — 
How many bushels were there of each? Bey 

18. A man bought a cask of wine, and another of gin for 
$210; the wine at $1.50 a gallon, and the gin at $0.50 a_ 
gallon. He afterwards sold 2 of his wine, and 2 of his gin for _ 
$ 150, which was $15 more than it cost him. How many gal- — 
jons were there in each cask? Gey 

14. A countryman, driving a flock of geese and turkey: 
market, in order to distinguish his own from any he might meet — 
with on the road, pulled three feathers out of the tail of each — 
turkey, and one out of the tail of each goose, and found that the 
number of turkeys’ feathers exceeded twice those of the geese by | 
15. Having bought 10 geese and sold 15 turkeys by the way, 
he was surprised to find that the number of geese exceeded the 
number of turkeys in the proportion of 7 to 3. Required the 
number of each at first. 

Let x == the number of turkeys, 

and y == the number of geese. 

md. ¢ 5 : - 3 : 32=—=2y+ 15 
it. — FO 

2. oe . eae a ° y a. 10 = a 

3. Freeing the 2d from fractions, 3 y + 30 = 7 « — 105 

Instead of the method employed above for eliminating oxe 
of the unknown quantities, we may find the value of one of 
them in one equation, as if the other were known; and then 
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this value may be substituted in the other, and an equation will 
be obtained, containing only one unknown. quantity, which pay 
be solved the usual way. 


4. Divide the first by 3, Bie — 

§. Multiply the 4thby 7,  7¢—= — 

Substitute this value of 7 x in the 3d, = 
6. 3y+30=— att 105 
7. Multiply by 3, 9y+90=—14y 106. 315 

8. pee posins & uniting, 300 = 5 y 

y == 60. 
‘The value of « may be found by substituting 60 for y in the 


ae 
— 120 4.15 
Ans. 45 turkeys, and 60 geese. 
Let ‘the tier go back and solve, in this manner, the preced- 
ing examples in this Art. Sometimes one method is preferable 


and sometimes the other. 


15. A person expends $1 in apples and pears, buying his 
apples at 3 for a cent, and his pears at 2 cents apiece; after- 
wards he accofamodates his neighbor with 3 of his apples 
ae of his pears for 30 cents. How many of each did he 


== 45. 


x == the number of apples. 
y = the number of pears. 


—== the price of the apples. 
» And ~ 2 y= the price of the pears, &c. 


16. A market-woman bought eggs, some at the rate of 2 for a 
cent, and some at the rate of 3 for two cents, to tne amount of 
65 cents; she afterwards sold them all for 120 cents and thereby 
gained one half cent on easy ege. How many of each kind did 
she buy? ‘ 


17. It is required to find two numbers such, that if 3 of the 
first be added to the second, the sum will be 30, and if } of the 
second be added to the fst, the sum will be 30. 

5 
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18. It is required to find two numbers such, that 2 of the first 
and 2 of the second added together will make 12, and if the first 
be divided by 2 and the second be multiplied by 3, 3 of their sum _ 
will be 26. 


19. Two persons, A and B, talking of their ages, says A to 
B, 8 years ago I was three times as old as you were, and 4 years 
hence I shall be only twice as old.as you. Required their pres- 
ent ages. 

20. There is a certain fishing rod, consisting of two parts, the 
upper of which is to the lower as 5 to 7; and 9 times the upper 
part, together with 13 times the lower part, is equal to 11 times 
the whole rod and 8 feet over. Required the length of the two 


: ntner has two kinds of wine, one at 5s. a gallon, and 
the other at 12s., of which he wishes to make a mixture of 20 
gallons, that shall be worth 8s. a gallon. _How many gallons of 
each sort must he use? 


22. A vintner has 2 casks of wine, from each of which he 
draws 8 gallons; and finds that the number of gallons remaining 
in the less, is to that in the greater as 2 to 5. He then puts 1 
gallon of water into the less, and 4 gallons into the greater, and 
then the quantities are in the proportion of 5 to 13. What quan- 
tity did each contain at first? 


23. A farmer, after selling 13 sheep and 5 cows, found that 
the number of sheep he had remaining, was to that of his cows 
in the proportion of 4 to 3. After three years he found that he 
had 57 more sheep, and 10 more cows than he had at first; and 
that the proportions were then as 3 to 1. What number of each 
had he at first? rye 


24. When wheat was 8 shillings a bushel, and rye 5 shillings, 
a man wished to fill his sack with a mixture of wheat and rye, for 
the money he had in his purse. Jf he bought 15 bushels of 
wheat, and laid out the rest of his money in rye, he would want 
3 bushels to fill his sack; but if he bought 15 bushels of rye, and 
then filled his sack with wheat, he would have 15 shillings left. 
Wow much of each must he purchase in order to lay out his 
money and fill his sack? hls ee 
& 25. A grocer had 2 casks of wine, the smaller at 7s. per gal- 
oa, the larger at 10s. The whole was worth $112. When ~ 


* 
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he had drawn 18 gals. from each, he mixed the remainder to- 
- gether and added 32 gals. of water, and the mixture was worth 
8s. per gal. How many gallons of each sort were there at first? 


Equations, Generalization. 


IX. In the examples hitherto proposed a numerical result has 
always been obtained. The solution with numbers has been per- 
formed at the same time with the reasoning; and when the work 
was finished, no traces of the operations remained in the result. 
But algebra has a wore important purpose. Pure algebra never 
gives a numerical result, but is used to trace general principles 
and to form rules. In order to preserve the work so that the 
operations may appear in the result, it will be necessary to intro- 
duce a few more signs. ; 


1. It 1s required to divide $500 between two men, so that 
one of them may have three times as much as the other. 

Let « = the less part. 

The equation will be z+ 3a = 500 


4p 500 
C125 
Si One 


Ans. One part is $125, and the other $ 375. 

This question is to divide 500 into two such parts, that one 
part may be three times as much as the other. It is evident 
that the process will be the same for any other number, as for 

800. ; 
_ Let the number to be divided be represented by the letter a. 
- This will stand for any number. 

Then the question will be, to divide any number, a, into 
two such parts, that one part may be three times as muchas _ 
the other. 

The equation willbe 2+ 32—=a 


42 a 

a 

OE — 

4 

rf 34 
* ni oe ak 
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The work is now preserved in the result, and it appears that 
one part will be 3 of the number to be divided; and the other, 3 
of it. This is a rule that will apply to any number. 

Suppose a = 500 as in the example. 


3 
Then — = 125; and To a Bye: 
4 4 


Ams. One part is $125, and the other $375; the same as 
above. 

Suppose it is required to divide $7532 in the same propor- 
tions. 


Then a = 7532; + — 1883; and Be = 5649, 


Ans. One part is $ 1883, and the other is $5649. 


2. A man sold some apples, some pears, and some oranges 
for -a number a of cents, the apples at two cents apiece, the 
pears at three cents apiece, and the oranges at five cents 
apiece. There were twice as many pears as oranges, and 
three times as many apples as pears. How many were there 
of each? 

Let x == the number of oranges. 

Then 2a = the number of pears. 

And © 62 = the number of apples. 

By the conditions, 127+ 6z2+52r=a 


D3 tay 
fe Se No.of oran es 
as ree ees 
ee oe co Or pears. 

DES 
eS ‘¢ of apples. 


Suppose a == 184 cents, then 3, of 184 — 8 = the number 
of oranges; 2 X 8 = 16 =the number of pears; and 6 X 8 
== 48 = the number of apples. This is easily proved. 8 oran- 
ges, at 5 cents apiece, come to 40 cents; 16 pears, at 3 cents 
apiece, come to 48 cents; and 48 apples, at 2 cents apiece, 


come to 96 cents; ’ 
40 + 48 + 96 — 184. 


The learner may be curious to know, how it is possible to 


make the examples in such a manner, that the answer may al- 
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ways come out a whole number when it is wished; for if the 
numbers were taken at random, there would frequently be frac- 
tions in the result. The method is to solve it first with a letter, 
as has been done in the two preceding examples. If any num- 
ber, which is divisible by 4, be put in the place of a, in the 
first example, the answer will be in whole numbers. And 
if any number, which is divisible by 23, be put in the place 
of a, in the second example, the answer will be in whole num- 
bers. 

Let the learner now generalize the examples in Art. fe fy 
substituting a letter instead of the number; and after the result ts 
obtained, put in the numbers again, and see if the answers agree. 
Let him also try other numbers. 

The examples in Art. I]. may be generalized in the same 
manner. 


3. A man being asked his age, answered, that if its half and 
its third were added to it, the sum would be 88. Required _his 
age. 

Instead of 88 put a, and let = the number required. 


£ — er 
tas 2 1 3 
plga: 
SS i 
6 
iia == 63a 
6a 
f= 
a) 


Any number that is divisible by 11, being put in the place of 
a, will give an answer in whole nuinbers, Let a = 88, then & 
of it is 48, agreeing with the answer in Art. IT. 

In the course of the solution it appears, that a is equal to ¥ 
of «; and the result shows, that is equal to ¥ of a. That i is, 
the value of z is found by multiplying a by the fraction ¥ invert- 
ed. 


4, In an orchard of fruit-trees, 1 of them bear apples, 3 of 
them cherries, and the remainder, which is a, bear peaches. 
Low many trees are there in the orchard? 


ip 
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Let zx = the whole number of trees. 
x x 
Then Gs eel cee 
| a gt 
12@ 4a on 
cae eae pa a 
12 12 rm 12 a 
Bey ae 
: 1a 
Be eis ea 
Se 12a 
ae 


Any number that is divisible by 5, may be put in the place of 
a. If a= 15, the answer is 36. 


a i 
vo 


Prooh ee ek ; Hebgeci Gi 


5. The 8th example of Art. II. is solved as follows: 
Instead of 100 put a, and let x == the whole number of geese. 


Then ete+o+23—4 
Multiplying by 2, a) 28 
By transposition, 5a=2a—5 
2a—5 
eee 
2a 5 2a 
C= ee a 
5 5 5 
Let | a = 100. 
pasa <4 5 
Then pds 2 NNO a 8 POPs Big ore 
5 5 
2 100 : . 
or Gt Sy eee yap 2 


5 
Let a = 138, and find the answer in the same way. 
The answer will be 53. 
Proof. 53 -++ 53 + 2614+ 2921= 135. 
The learner may now generalize the examples in Art. IT. 
The preceding examples admit of being generalized sti _ 
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more, but the process would be too difficult for the learner at 
present. The following question admits it more easily. 


6. (Art. III. Exam. 1.) Two men, A and B, hired a pasture 
for $55, and A was to pay $13 more than B. How much did 
each pay? 

_ _ This question is, to divide the number 55 into two such parts, 
that one may exceed the other by 13. 

* Let us represent 55 by a, and 13 by 6. The question now 
is to divide the number a, into two such parts, that one may ex- 
ceed the other by the number J: a and 6 being any two num- 
bers, of which ais the larger. 


Let x == the less part. 
Then x + b = the greater part. 
And zst+ertb=a 
24¢+b=—a 
By transposition, 22=a—b 
Dividing by 2 See ha 
& PY <5 2 2 2 


When a number, consisting of two or more parts, as a— ), is 
to be divided, it is evident that all the terms must be divided, 


/ b : 
Cpa < But the fractions > See having a common de- 


2 
nominator, one numerator may be subtracted from the other. 


a be, a—b can A . 
Hence Rees is the same as wages This ts easily seen in 


numbers. See below, where 55 and 13 are substituted for a 
and 6. 

Hence it appears, that the less part is found by subtracting half 
of the excess of the greater above the less from half the number to 
be divided ; or by taking half the difference between the number 
to be divided and the excess. 

The greater part is equal to « + 6; hence if b be added to 


a i): eee 5 2 
——_— _— it will give the greater part : 
2 2 1 g § I 


_ * Whenever the learner finds any difficulty in comprehending the operations 
‘in the general solutions, let him first solve the questions with the numbers. 
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b 26 
or wie ee ee 
ele og ae = 

i 2 oe 

¥ ae uae hes Tak 


The greater is found by adding half the excess to half the num- 
ber to be divided ; or by taking half the sum of the number to be 
divided and the excess. 

In tha above example, 


Ae 48). Be AS 
7 fas Ss or ie BA, 
spat Sheree 
Rr E tS 
B’s part = 5, pre  s. of 


_ Let the learner generalize this question by making 2 = the, 
greater part. The same results will be obtamed. 

This is a general rule, and will apply to all questions like it, 
and should be remembered, for it is frequently useful. 

Let the learner find the answers to the 2d, 3d, and 7th ex- 
amples of Art. III. by this rule. That is, by putting the num- 
bers of those examples in the place of a and 6 in the formulas. 

It is easy to see the propriety of the rule. For the formula 
a—b 55—13 42 2 : on 

5 or = oo gan s shows, that if the $13 that A pays 
more than B, be taken out, the remainder is to be paid in equal 
a+b 55+13 68 

or ——== _, 
2 2 

shows, that if B were to pay $13 more, he would pay as much 
as A, and the rent would be paid in equal parts by them. : 


7. A father, who has three sons (Art. III. exam. 4), leaves 
them 16000 crowns. The will specifies, that the eldest shall 
have 2000 crowns more than the second, and that the second 
shall have 1000 crowns more than the third. What is the share 
of each? 

Let a represent the whole number of crowns, b what the 
eldest son’s share exceeds that of the second, and ¢ what the 
share of the second son exceeds that of the third. 

This question may be expressed in general terms, thus : To 
divide a given number a, into three such parts, that the great- 


parts by them. Also the formula 
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est may exceed the mean by a given number d, atid the mean 
may exceed the least by a given number c 
Let 2 = the greatest. 
Then xz — b = the mean. 
And «—b—c = the least. 
By the conditions, 
a ae 
32—-26—c=—a4 
By transposition, 38z-=at2bh+e 


Dividing by 3, a _ ae “ af — 


Or because the fractions have a common is 


seg tebe 
3 


“This is the formula for the greatest part. "The mean is # += 
b, or 6 subtracted from 4g 4. oe a f thus 5 
3 3 3 
OE 


a t 
bh 1 th 
3 zg 13 i 
OY Ee 3: baie 
wk! ie ty oP he 
piles a ot ee ge 
a b, ¢ a—b+te 
Sasa fp este haere ete Ee 
or @ gee 3 
The least part is s — b — c, or c, subtracted from 
a b c 
ae 
a b c 
Pe at i Satya Mla els a thi 
. Cir gage gee 
a b Cc 3¢ 
or 2 c 5 373 a 
ee? ee 3 i 2B ab. id seb OD 6 
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| Me 
The greatest part is a 
The mean dora f= Jame 
The least do. ee ee 


The eldest son’s share, by the first formula, is 
16000 + 2 X 2000 + 1000 
3 


The other shares may be found by the other two formulas. 

Let the learner solve this question by making « equal to the 
less part, and also by making it equal to the mean. 

Exam. 5th, Art. Il]. may be solved by this formula. Let 
the learner generalize the questions in Art. III. as far as to 
Exam. 16th. 


The examples in Art. I. may be generalized still farther. 


== 7000 crowns. 


8. A man bought corn at 4s. (a) per bushel, rye at 6s. (2) 
per bushel, and wheat at 8s. (c) per bushel: there was an equal 
quantity of each sort. The whole came to 90s. (d). How 
many bushels were there of each? 

It will readily be perceived that it is impossible actually to 
perform the operations of addition, subtraction, &c. on letters ; 
but it is easy to represent these operations. We however fre- 
quently speak of adding, subtracting, multiplying, and dividing 
algebraic quantities, by which we mean, representing these oper- 
ations, We have seen that to express 3 times x or 3 times a we 
write 32, 3a, that is, ¢ or @ multiplied by 3. In the same 
manner, if we wish to express a@ times 2, that is, # multiplied 
by a, we write a «; and if we wish farther to express that a x 
(that is, @ times x) is to be multiplied by b, we write wb a. 


* Let x ==: the number of bushels of each. 
Then a x = the price of the corn. 

b « = the price of the rye. 
And ¢ # == the price of the wheat. 


av+bater=—d. 
Here z is taken a times, and b times, and ¢ times, that is, 
(a+ 6-+-c) times. This may be expressed thus, (a +-b +c) x, 


* Let the learner perform this example first by the numbers. 


ie 
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enclosing the three coefficients connected by their signs in a pa- 
renthesis. 
This will be plain if we put it in numbers. © 


4x+-62-+ 8 ais the same as (4+ 6+ 8) = apts Sides 


(a +beP ic) 'c—d 
If we had 13m 
we should divide by 18, Ros + 
In the same manner divide by (a + b+ c), 
¢ pei ol os 4 
atb+e- 


Particular Ans. 5 bushels. 


This general formula is expressed in words as follows: Divide’ 


the price of the whole by the price of a bushel of each sort 
added together, and it will give the number of bushels of ee 
sort. 


9. A father dying left $ 25000 (or aS to be divided pean ” 


his wife, son, and daughter ; his son was to have 3 (or b) times 
as much.as the daughter, and the wife 2 (or c) times as oek as 
the son. What was the share of each? 


Let x == the share of the daughter. 

Then 3 2 or b « = the share of the son. 
And 6 2 or bc « = the share of the wife.- 

x+32+ 6 «= 25000 
DAD arte be Et 

(1 +346) aes 10 ¢ = 25000 
(PsPb-+ beh ao a 

=, _ 25000 


== 2500 


a 
k 1+b+ be 
“In this example observe. that a is taken I time, and } times, 
and bc times. When a letter is written without a coefficient, it 
is always understood to have I for its coefficient ; thus x is the 
same as | 2. 
Having found the sharcuof the daughter, it is easy to find tne 
shares of the other two. 


> 
* “uw 


Be 3 


$y 
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Y: t ab 
The son’s share is 3 « == 7500, cee == eas ay oe 
are : abe 
The wife’s do. is 6 c= 15000, orbcx= er 


The learner may now - generalize some of the examples in Art. 
I. in this manner. 

10. A gentleman, distributing some money among some beg- 
gars, found, that in order to give them 8 (or a) cents apiece, 
he should want 5 (or b) cents ; lie therefore gave them 7 (or c) 
cents, and he had 4 (or d) cents left. How many beggars were 4 
there? 


Let x == the number of beggars. 

Then 8a@—5 =72+4 

or ax— b =ca+d 
8Sa—Ta=5 -4=—=9 
a@2—cr= +d 
(8—7) «=» 9 
(a—c) == +d 

(Afi 


asc 
Particular Ans. 9 beggars. 


General Ans. Ue ¢ § 


a—c 
11. There is a cistern which is supplied by two pipes ; the 

first will fill it alone in 7 (or @) hours, the second will fill it alone 

in 5 (or b) hours. In what time will j it be filled if both run to- 

gether? 

_ Let « = the number of hours m which both together will fill. 

it. ; 

The first will fill 2 or - of it in one hour, and the second will — 


fill } or ; of it in one hour 5 both together will fll: + 3 or 
3 : 


1] ot ns 
= + a of it in one hour. In zx hours they will fill 2 times as 


much, that is, 
z 


z xr x : 
ch 0) et 
7B 5 we i, 
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But « hours is the whole time, therefore, the cistern being 1, 

x x $i az 

— — = 1, or —- ater a8 IS 

gg ee ee 


Clearing of fractions, 


hae + 72 = 35> Spee es == ab 
Uniting coefficients, a) (6+ a)¢—=ab 
ab 
a Oe a = 
12 a am b 
Particular Ans. 234 hours. 
General Ans. oe 
at b 


Suppose one pipe would fill the cistern in 8 3 hours, and the 
other in 4 2 hours, and find the answer by the general formula. 
Ans. 3,3; hours. 


12. Suppose it were required to make a rule for Fellowship. 
First take a particular case. 

Three men, commencing trade together, furnished money in 
the following proportions; A § 8 as often as B $5, and as often 
as C $3. They gained $800. What is each man’s share of 
the gam? 

It is evident that they must receive in the proportion of the 
capital that they respectively furnished. 


Let ) &==> A's share of the gain. 
Then u == B’s share. 
And ae = C’s share.* 
Kgs 
% “= — + — = 800 
Pz 8 ni 8 
Sx2+ 524-32 = 6400 
16 2 = 6400 
a == 400 = A’s share. 
“2 == 250 =: B’s share. 


Se TOs Sey 


ee "See Art. II. Examp. 24 and 25. 
6 


min+p- * 
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Now, instead of 8, 5, and 3, suppose they furnished in the 
proportion of m, n, and p; and let the whole gain be a. 


Let x == A’s share of the gain. 
ne 
Then —='B’s share. 
m 
a 
And i... C’s share. 
m 


Then we have 


mzxtne+t+pr=ma 
(m+ n-+ p) «=ma 


m a 


oe a Ae isharer 
m-- 1 + p 
he we n m a 
B’s share is —, or the — part of —_———__ = A’s share. 
m m m+ 1 -- p 


Since a a is divided by dividing its numerator, the 


Be part o > will be found by dividing the numerator 
m 


=a 


mabym. a nied by m is ma, therefore, m a divitied by 
m a 


meatp Ree jay 


n ; : 
the — part is n times as much, that is , which is B’s 
m 


aie 


misa. Hence hos — part of 5 and 
m 


share. 


P 


m a ee 
, or the — part of ——————., which is 
m 


m+n--+p 


C’s share is 


pe 
1 


pa 
m =F p” 


A’s share is 


m a ~ 7 

et B’s doy = and © sda: 
oa ee ae mn -bp : 
pa 


oe 
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Hence to find the share of either, mulliply the whole sum to 
be divided, by the proportion of the stock which he furnished, 
and divide the product by the swm of their proportions. 

The propriety of this rule is easily seen. For, putting in the 


numbers instead of the ees A’s: share'ts) = —-— or. §- of 


8+5+3 


$800, B’s share is or of it, and C’s share is 
oer | 

Paci I or * ‘of it. That i is, the sum of all their porportions 

8+ 5+3 

is 16, and of these A furnished 8; B, 5; and ©, 3. 

13. Let it be required to find what sum, put at interest at a 
given rate, will amount to a given sum in a given time; that is, 
to find a rule, by which the principal may be found, when the 
rate, time, and amount are given. 

First take a particular case. 

A man lent some money for 3 years, interest at 6 per cent, 
and received for interest and principal $472. What was the 
sum lent? 


Reet y= x == the sum lent.. 
Then age the interest for I year. 
100 
And ee ae do. — for 3 years. 
100 
Sz 
And x -- —— = the amount for 3 years. 
100 : 
180= 
Hence we have eee es a2 
100 
100.2 + 18 « = 47200 
115 « = 47200 


x == ¢ 400 = The sum lent. 


It is a custom established among mathewiaticians to use the 
first letters of the alphabet for known quantities, and some of the 
last letters for unknown quantities. It is, however, frequently 
convenient to choose letters, that are the initials of the words 
for which they: stand, whether the quantities be knowin or un- 


Fnown:. 2s 


¢, 


& 
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_ To generalize the above example, 
seet.et p = the principal, or sum lent. 

7 == the rate per annum, which in the above case 
is 38, or .06. 


and t = the time for which it was lent, 
and @ == the amount. 

Then +p = the interest for one year, 

ands pres: 063 for t years, 


and p+-t rp = the amount. 
Hence we have pip "O. 


(i= tr).p = a 
a 


ns beter, 
That is, multiply the rate by the time, add 1 to the product, 
and divide the amount by this, and it will give the principal. 


In the above example, the rate is .06, which, multiplied by 3 
(the time), gives .18, and one added to this makes 1.18; 472 
divided by 1.18 gives 400, as before. 

Apply this rule to the following example. 

A man owes $275, due two years and three montiis hence, 
without interest. What ought he to pay now, supposing money 
to be worth 43 per cent. per annum? 

N. B. 2 years and 3 months is 2} years. 

Ans. $249 S87. . 

See Arithmetic, page 84. 

The learner may now make rules for the following purposes: 
14. The interest, time, and rate being given, to find the prin- 
cipal. 

15. The amount, time, and principal being given, to find the 
rate. 

16. The amount, principal, and rate given, to find the time. 


17. A man agreed to carry 20 (or a) earthen vessels~to a 
certain place, on this condition; that for every one delivered safe 
he should receive 8 (or b) cents, and for every one he broke, he 
should forfeit 12 (or c) cents; he received 100 (or d) cents | 
How many did he break? ‘ 


) 
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Let « = the number unbroken. 

Then 20 — x or a — x = the number broken. 

For every one unbroken he was to receive 8 or } cents, these, 
will amount to 8z or 62; and for every one broken he was to 
pay back 12 or c cents, these will amount to 240 — 12 a cents, 
or a¢ — cz; this must be subtracted from the former. 

240 — 12 a, subtracted from 8 2, is 

8x — 240+ 122, or 20% — 240. 

Also ¢ a — ec subtracted from bz, is b2 —ca-+ ez; for the 
quantity c@— cz is not so large as ca, by the quantity ca, 
therefore when we subtract ca from bz, we subtract too much 
by ca, and in order to obtain a correct result; it is necessary to 
add ¢ a. 

The equation is 

202 — 240= 100 or be+-cax—ac=—d 


22 == 340 *s hetecx=d+t+ac 
(6+ ¢). ¢ =d + ac 

Race ees | _ dae 
b+e 


Particular Ans. 17 unbroken, and 3 broken, td 


d=ac 
General Ans. Unbroken, =F, ite 
Putting numbers into the general answer, | 


100 + 12. x 20 pice! 


8 + 12 

The propriety of this answer may be shown as follows: If 
he had broken the whole 20 (or a) he must have paid 12 & 20 
== 240 (or ae) cents; but instead of paying this, he received 
100 (or d) cents. Now the difference to him between paying 
240 and receiving 100 is evidently 340, (or d+ ac) cents. 
The difference for each vessel between paying 12 and receiving 
8 is 20 (or b ai c) cents; 340 divided by 20 gives 17, the an- 

swer. 
__ The above is a good illustration of positive and negative quan- 
tities, or quantities affected with the signs -- and . -—. The 
sign ++ is placed before the quantities, which he is to receive, 
= and the sign — before his losses. We observed that the dif- 
ference between receiving 100 and losing 240 is 340, that it, 
the difference between +- 100 and — 240 is 340, or théir sum. 
pales the pare ence between -++ d and — ac is d te ac, So the 


Lae, (ete. 


Se a ee ge eee 


Pa 
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difference between + 8 and — 12 1s 20, or between + 6 and 
—cis b+ ec. 
Mfence it follows, that to subtract a quantity which has the sign 
—, we must give it the opposite sign, that is, it must be added. 


X. The learner, by this time, must have some idea of the use 
of letters, or general symbols, in algebraic reasoning. It has 
been already observed that, strictly speaking, we cannot actually 
perform the four fundamental operations on these- quantities, as 
we do in arithmetic; yet in expressing these operations, it is fre- 
quently necessary to perform operations so analogous to them, 
that they may with propriety be called by the same names. Most 
of these have already been explained; ‘but in order to impress 
them more firmly on the mind of the learner, they will be briefly 
recapitulated, and some others explained which could not be 
introduced before. 


Note. Algebraic quantities, which consist of only one term, 
are called simple quantities, as + 2a, — 3ab, &c.; quantities 
which consist of two terms are called binomials, as a-+ b, a— b, 
36+ 2c, &e.; those which consist of three terms are called 
trinomials; and in general those which consist of many terms are 
called polynomials, 


Simple. Quantities. 


The addition of simple quantities is performed by writing them 
after each other with the sign + between them. To express 
that a is added to b, we eerie a+b. To express that a, b, ¢, 
d, and e are added together, we write a+-b-+-c+d--e. Itis 
evidently TUE which term is written first, for 3 -+5-+ 8 
is the same as 5 +- 3 + 8, oras8 +5 +3. Soatb+c 
has the same value as b 4- a+ ec. 

It bas been remarked (Art. [.) that 2+ 2 -+ a may be writ- 
ten 32. This is multiplication; and it arises, as was observed 
in Arithmetic, Art. III., from the successive addition of the same 
quantity. 32, it anpeas signifies 3 times the quantity a, that is, 
x multiplied by 3. So b ve b-+b + b+ b may be written 5 b. 
In the same manner, if x is to be repeated, any number of times, 
for instance as many times as there are units in @, we write a 2, 
which signif sa times a, or x multiplied by bax: 
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N. B. The learner should constantly bear in mind. that the. 
letters, a, b, ec, &c. may be used to represent any known num- 


ber; or they may be used indefinitely, and any number may 


afterwards be substituted in their place. 

Again, ab + ab + ab may be written 3a b, that is, 3 times 
the product a6; also ¢ times the product a 6 may be written cab. 

It may be remarked that a times b is the same as b times a3 
for a times 1 is a, and a times 6 must be 8 times as much, that 
is, b times a. Hence the product of a@ and b may be written 
either a@ b or ba. In the same manner it may be shown that the 
product ca b is the same as abc. . Suppose a= 3, b= 5, 
und ¢ — 2, then a be=5 3&5 X22, andcab=2 xX S™x 5. 
Tn fact it has been shown, in Arith. Art. [V., that when a prodact 
is to consist of several factors, it is not important in what order 
those factors are multiplied together. ‘The product of a, }, ¢, 
d, e, and f,is written abede f. They may be written in any 
other order, asacdbe f, or fbedeca, but it is generally 
more convenient to write them in the order they stand in the 
alphabet. 

Let it-be required to multiply 3ab by 2cd. The product 
is 6abed; for d times 3a6 is Sabd, but ed times 3a6 is 
€ times as much, or 3abced, and 2d times 3ab must be 
twice as much as the latter, that is, 6abed. — 

Hence, the product of any two or more simple quantities must 
consist of all the letters of each quantity, and the product of the 
coefficients of the quantities. ig 

N. B. Though the product of literal quantities 1s expressed 
by writing them together without the sign of multiplication, the 
same cannot be done with figures, because their value depends 
upon the place in which they stand. 3a@6 multiplied by 2 ed, 
for instance, cannot be written 32abcd. If itis required to 
express the multiplication of the figures as well as of the letters, 
they must be written 3ab 2dc, or 3 X 2abed, or 3.2abed. 
‘That is, the figures must either be separated by the letters or by 
‘the sign of multiplication. 


mage Ezamples of Multiplication. 
1. Multiply 3.a6 by Aed fy , Ans A2eb ed f. 
De ere) cd by abe. Ans. 5abbeed. 
Degh by 8. ce oe 
haid 3 ac by Taacd. a 
5abe by I3abbd 
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6. Multiply 138 by Seed. 
YF 25 i by liad. 
8. 42ayy by I2zxry. 


It frequently happens, as in some of the above examples, that 
a quantity is multiplied several times by itself, or enters several 
times as a factor into a product; as Zaaabby into which a 
enters three times-and 6 twice as a factor. In cases like this-the 
expression may be very much abridged by writing it thus, 3 a® 
b?. That is, by placing a figure a little above the “letter, and a 
little to the right of it, to show how _many times. that letter is 
a factor in the product. The figure 3 over the a shows, that a 
enters three times as a factor; and the 2 over the 0, that b enters 
twice as a factor, and the expression is to be understood the 
same as 3aaabhb.- The figure written over the letter in this 
manner is called the index or exponent of that letter. The 
exponent affects no letter except the one over which it is 
written. 

Care must be taken not to confound exponents with coeffi- 
cients. The quantities 3.@ and a® have very different values. 
Suppose a = 4, then 3a = 12; whereas a = 4 X 4X 4== 
64. In the product 3a° l? suppose a= 4 and b = 5, then 

38@W=3xK4xK4xK4xK5X pee oul 

The expression « cys is called the second power of a, a® is called 
the third power, a‘ the fourth power, &c. To preserve a uni- 
formity, @, without an exponent, is considered the same as a', 
which is called the first power of a.* 

Figures as well as letters may have exponents. 

The first power of 3 is written 


: oo 
the second power Bree B Ki See 9 4 
the third power Bie ID BOK ee OT 
the fourth power 3 == 85653 ROX Gil 
the fifth power BP aid KOK Be X1/3 XS = 248: 


The multiplication of quantities in which some of the factors 
are above the first power, is performed in the same manner as- 
in other cases, by writing the letters of both quantities together, 


*In most treatises on algebra a? is called the square of a, and a3 _the cube of 
a. he terms square and ‘cube were borrowed from geometry, bu they are 
not only inappropriate, but convey ideas very foreign t bject, it 
has been thought best to discard them Roan : 
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taking care to give them their proper exponents. 2am?x 3 e 
d? is ‘the same as 2amm X 3ccdd, which gives 
Gammecdd = Gamrcd . 

a multiplied by a* gives, a ws but a = aaaand @& = aa, 
hence a a? =aaaaa=—a’. In all cases the product con- 
sists of all the factors of the multiplicand and multiplier. In the 
last example a is three times a factor in the one quantity, and 
twice in the other; hence it will be five times a factor in the 
product. The exponents show how many times a letter is a 
factor in any quantity; hence if any letter is contained as ‘a factor 
one or more times in both multiplier and multiphicand, the expo- 
nents being added together will give the exponent of that letter in 
the product. 

St Pega x gaa eae” X a PV EO 

a Sk ae a= OF Tee a, 9. Sick 


9. Multiply a? b? by a b?. ns. a® bt. 
10. a b’c by oe, 
11. 6 ac d® by ab? -¢*, 
Bei isscc Ce by a’ be. 
13. Tit oa by bad ¢ 2? 4. 
14. Lie de by 4bbcdee. 
35% 2580? 2° -by 2. ee &. 
16. 1Saayy by 6a yy et. 


It has already been remarked that the addition of two or more 


quantities is performed by writing the quantities after each other 


with the sign + between them. ‘The sum of 3a6, 2acd, 

5 a@ b, 4ab, and 3a? b, is 3ab + 2acd + 5a? b + 4a6-+- 

3 a? b. But a reduction may be made in this expression, for 

8ab+4abis the same as 7ab; and 5a2b+ 3a? 6 is the 

- same as 8 a? b; hence the expression becomes 
7ab+2acd+ 8ab. 

Reductions of this kind may always be made when two or 
more of the terms are similar. When two or more terms are 
composed of the same letters, the letters being severally of the 
same powers, they are said to be similar. The numerical co- 
efficients are not regarded. The quantities 4a5 and 3a6 are 
d so are 5 a? b and 3.0? b; but 4a 6 and 5 a? b are not 

uantities, and cannot be snuod. 
‘subtraction of algebraic quantities is performed by 
which are to be subtracted, after those from 
re to be taken, with the sign — between them. 


ore NS 
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If } is to be subtracted from a it.is writtena —b. 5 ab? to be 
subtracted from 8 a b?, is written 8 abl? — 5al?. This last 
expression may be reduced to 3a6?. In all cases when the 
quantities are similar, the subtraction may be performed imme- 
diately upon the coefficients. 


Compound Quantities. 


XI. The addition and subtraction of simple quantities, produce 
quantities consisting of two or more terms which are called com- 
pound quantities. 2a-+ cd — 3b is a compound quantity. 


Addition of Compound Quantities. 


The addition of two or more compound quantities, when all ~ 
the terms are affected with the sign ++ will evidently be the 
same, as if it were required to add together all the simple quanti- 
ties of which they are composed; that i is, they must be written 
one after the other with the sign + before all the terms except 
the first. The sum oe the quantities 3 a . Tt 2e and b+ 2d 1S 
dsa4-2c+b ie 

If the quantities i a o: +- 5d and e —c be added, in whieh 
some of the terms have the sign —, the sum will be 346+ 5d 
+ b—c; for b —c is less than ii therefore, if b be added the 
sum will be too large by the quantity c. Hence ¢ must be sub- 
tracted from the result. 

This may be illustrated by figures. Add together 17 + 10 
and 20 —- 6. Now 20 — 6 is 14 
and 17 + 10 + 20 — 6 is equal to 17 +- 10 + 14. 

From the above observations we derive the following rule for 
the addition of compound quantities. 

Write the quantities after each other without changing their 
signs, observing that terms which have no sign before them are 
understood to have the sign +. 


A sign affects no term except the one inmmediately before — 
which it is placed, hence th is unimportant in what order the - 


terms are written, for 14 —- 5 + 2 has the same value as 14+. 
2—5 oras —5+2+ 14, Those which have the aad + 
are to be added together, and those which have the sign 
to be subtracted from their sum. If the first term 
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-+, the sign may be omitted before this term, but the sign — 
must always be expressed. Great care is requisite in the use of 
the signs, for an error i in the sign makes an error in the result of 
twice the quantity before which it is written. 


Add together Sa+t 2bc?— 3c! 


and 5a—3bc?+t Qc 
and Tab bee Be" 
and —a+t+3ct—2bec?. 


The sum is 
384+ 2b6c2?— 3¢e+5a—3bCP4+ 28+ 70d 
= 4b c? —8 cha 3c — 2be?. 
But this expression may be reduced. - 
3a-+-5a— a= 84a—a= 7a, 


and 

2bot— Se + Abc — Bbc = OE — Sd bc?, 

and 

3c 4 2 ee a oe SS ies 5c! — Oe 
hence the above eg becomes € 

“ a+bc?+7ab—6 ct. 


To reduce an algebraic expression to the least sector of 
terms, collect together all the similar terms affected with the sign 
+ and also those affected with the sign —, and add the coefi- 
cients of each separately; take the difference of the two sums 
and put it into the general result, Bering it the sign of the larger 
ey 


e. 


Examples in Addition. 


1. Add together the following quantities. 
5ab — 2a?m 
and 38ab—5am-+ 2am. 
Bi oan the following quantities. 
13an?— 6m 2°, 6 
7bm— 32? — Sy, pers 4 
4an?+ 5ar?— 4y. 


Ply 


acs 
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Ne Add together the following quantities. 
7mab'— 16—43 my, 


and 19ach—13amb+ 37 may + 48, 
and l4my— 19 may + nb —nz, 
and 4nzx—38bn+ 23amy —nb. 


4. Add together the following quantities. 
ry —aet—ay+ary, 


and —2ey— 2ay+3ar+ 15, 
and ISarz—73-+ I3azry —am,- 
and — ary —ldam-+ 43+ Bare, « 


and Wee ee 
5. Add together the following quantities. a 
13ax—2br-—7, 


and lbbz— 7 bay +16, 
and 47acd — 2, 

and 37 — br — 2a + 43by2, 
and ™ acd + byx— 13a. 


Subtraction of Compound Quantiites. 


XII. The subtraction of simple quantities, as has already * 


been observed, is performed by giving the sign — to the quanti- 
ty to be subtracted, and writing it before or ” after the quantity, 
from which it is to be taken. — If it is required to subtract c + d 
from a + 6 it is plain that the result will be a + 6b —ec —d, 
for the compound quantity c -+ d is made up of the simple quan- 
tities c and d, which being subtracted separately would give the 
above result. 


From 22 subtract 13 — 7. 


1S — t= 6. 
and 22.— 6 = 16. 


The result then must be 16. But to perform the operation _ 


on the numbers as they stand, first subtract 13, which gives — 
22-139. ‘This is 100 small by 7 because the number 136 


is larger by 7 than the number to be subtracted, therefore in 


ee 


order to obtain a correct result the 7 must be added; hus* 22. —- 


13 + 7 = 16, as ee 
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From a subtract 6 —c. 

First subtract 6, which gives a — 0. 

This quantity is too small by ¢ because 6 is larger shi b—c 
by the quantity c. Hence to obtain a correct result ¢ must be 
added, thus a—6-+ c. 

This reasoning will apply to all cases, for the terms affected 
with the sign — in the quantity to be subtracted diminish that 
quantity ; hence if all the terms affected with +- be subtract- 


ed, the result will be too small by the quantities affected with | 


—, these quantities must therefore be added. The reductions 
may be made in the result, in the same manner as in addition. 
Hence the general 
Rue. Change all the signs in the number to be subtracted, the 
+ to —, and the signs — to +s and then proceed as in ad- 
ution. 


Examples in Subtraction. 


1. From wert d3sby—hbaci—16 
Subtract 3a’ x-+ by—2ac? —22 


Operation. ; * 


v?xt 3by—h5ack—16 
—3e¢r—by+2ac 4-22 
—2ar+2hy—3ace +6 
2. From 3b 2’°—Taxe+ 13 
Subtract 13bc—3ax°— 8. 
Ans. 3b 2? —13bce—4az’ 421 
3. From I7ay + 13ay—a—3 
.. Subtract 2a y—b—lla+5. 
From 42axry—4ar 
Subtract 17ax—2axy—5 
5. From 143—17y 
Subtract 33-+4y—16a6. 


rhe 
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6. From a+3abc—l1 
Subtract 1+3abc—a. 
7. From 3abz+2ab—Tz 


Subtract 2ab—7z—2abz. 
Multiplication of Compound Quantities. 


XIil. Multiplication of compound quantities is sometimes 
expressed without being performed. ‘To express that a + 6 is 
to be multiplied by ¢— d, it may be written a +bxc—d 
with a vinculum over each quantity, and the sign of multiplica- 
tion between them; or they may be each enclosed in a paren- 
thesis and written together, with or without the sign of multi- 
plication ; thus (a + 6) x (c—d) or (a+ 6) (c—d). In the 
expression a + 6 (c—d),6 only is to be multiplied by ¢ —d. 

Multiply a + 6 by e. 9 

It is evident that the whole product must consist of the pro-, 
duct of each of the parts by c. aie 


a+b 2044 —24 
c 3 3 
. ac+be 60-2. 12:== 72 
| E;xamples. 
1. Multiply 3ab+2cdby ef. 
: Ans. 3abef +2cdef. 
_ 2. Multiply 5ac+bc+3cd by2e. tig 
; Ans. 10ace+2bce+6cde. 
3. Multiply 6a7b +0 eby sad’. 
4. Multiply be? P+ 520° +130 ed 
by 7a bc. 
5. Multiply Q2abd+3aba +aha- 
by Sub2’. a 
6. Multiply axx+3aba by 13al?2* 4 


When some of the terms of the multiplicand have the sign 
— they must retain the same sign in the product. is 


oy! 


a 
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7.8. Multiply a— 6 by c, also 23 —5 by 4. 


a=) Boe 5a 1 8 
c 4 4 
Ca — OCs G2 2072. 


_ Since the quantity. ¢ — } is smaller than a by the quantity 
6, the product ac will be too large by the quantity bc. This 
quantity must therefore be subtracted from ac. 


9. Multiply 3a6?’—c by 2d. 
eo iver Vad+bd—3c by Dis 
iW - a 3b6cd—ef—2ac by 5ae. 
12. ere 2a@be—5a’ +6 by 4a°O°. 
13. & I7acd—1+5e02—abhe 
by acd. 


When both multiplicand and multiplier consist of several 
terms, each term of the multiplicand must be. multiplied by 
exch term of the multiplier. 


14. Multiply 12+ 5 by 7+ 4. 
I24+5=17 i. 
7+4=11 bs “ 
84 + 35 2 
844+354484+20=187 3 
15. Multiply a+ 6 =e by c+d.. . 
atb ix 
c+d | 


actbe+ad-4-bd. 
it is evident that if,a -- 4 be taken c times and then d times, 
_and the products added together, the result will be ¢ + d times 
a+b. 


Se 


aX 
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16. Multiply axr—S3ay+ry by 3ay+azr. 
»ar—say+ry 
say+azr 
Sa ry—Iey¥+3ary 
ax—3arytaxy — 
ar—oe +3ary¥+az'y. = aie eS 


; 
; 

In adding these two products, the quantity 3 a zy occurs 
twice, with different signs ; they therefore destroy each other 
and do not appear in the result. 

F 


17. Multiply ‘Sad+3acd—5are 
by 2ae¢+2ad. 
18. Multiply 13a°*ry—2ab7+3cy¥ 
by ft EE 
19. Multiply llac+3a'e—4@ +7 
- by 2a*et-ac x, 
tee ae—2actec by a+e. 


J 3at*—3b by 2a +28 
ie > oe 36+2c by 2a—3b. 
~\ 3b+2¢ 
2a—35 
6ab+4ac . 
OR Stove 


ate —6be. : 
2 ¢ be multiplied by 2 a only, the product wil ted 
by S 5 Sheers quantity must 
be m tplied by 3 4, and the’ uct subi bab+e 


4ac. 
5 This result may be proved by multiplying the m 


by the multiplicand, for ie ricwebe ty r : 


Cases. Soe 
98S. Multiply 2ad43be42 by 4ab—2eq | 


| ‘ 
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24. Multiply Gatb+2al? by 2ab—v'—1. 


25. 19—5 by 9— 4. 
19——5 =, 14 
== 4 i a 
. 7) — 45 70. 
— 76+ 20 
PT 45 46 4520 = 197 — 121. —.70. 


26. Multiply a—d by c—d, 
. a—b 
e—d 


% | ac—6be 
. —adtbd 


ac—be—ad+bd. 


This operation is sufficiently manifest in the figures. In the 
letters, I first multiply a— 6 by c, which gives ac —bhc; but 
the multiplier is not so large as c by the quantity d, therefore 
the product ac— 6c is too large by d times a —4; this then 
must be multiplied by d and the product subtracted. a—dé 
multiplied by d gives ad—d6d; and this subtracted from 
ac—be givesac—bc—ad- bd. WHence it appears that 
if two terms having the sign — be multiplied together, the pro. 
duct must have the sign +. » ©: ed 

From the preceding examples and observations, we dex 
rive the following general rule for multiplying compound quan- | 
tities. P" 3 

1. Multiply all the terms of the multipheand by each: term of the 

multiplier, observing the same rules for the coefficients and letters as 

in simple quantities. : 

2, With respect to the signs observe, 

Ist, That if both the terms which are multiplied together, have 
the sign +-, the sign of the product must be +-. 

Od, If one term be affected with +-, and the other with —, the 


product must have the ign —. 
isa 7% 
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3d, If bo.h terms be affec.ed with the sign —, the product must 
have the sign +. 


Or in more general terms, If both terms have the same sign, 
whether +- or —, the product must have the sign +, and of they 


have different signs, the product must have the sgn —. 


27. Multiply 3a?b—2ac+5 
by Tab—2ac—i. 


210°? — 14a°0c + 35ab 
—6e@be+4ac?—l0ac 
—3¢7b+2ac—5. 


Product 


2ha°b*@—14 abc + 35ab—6a'bc+ 4a°c?—8 ac—3a°b—5. ts 

28. Multiply 7m+5n by 4m—3n. ah, 
we etay—y by a—y. | 
30. & vtneot x’ by n— xX. 
1. “ atab +b by a@—ab+, 
32. << 20°—3xry+4y7 

by 5x—6ny—2y’. 
33. ih 3a°c—S5ac?P?+2¢ 

by 2@c—4a0°?—Tac. 


eGasn, Ss 2a—aex+2 by 8a—xr—3. 
Boe cuit Tab+20?—1 by 3a°—20?—1, 


It is generally much easier to trace the effect produced by _ 
each of several quantities in forming the result, when the ope- 
rations are performed upon letters, than when performed upon 
figures. ‘The following are remarkable instances of this. They 
ought to be remembered by the learner, as frequent use iso 
made of them in all analytical operations. eS 

Let a and 6 represent any two numbers; a +-8 willbe their 


sum and a—b their difference. 
ee 7 
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Multiply a+ 46 by a—b. 
a+ob 


a—h 


“a +ab 


—ab—b’ 


ab. 
That is, if the sum and the difference of two numbers be multipli- 
ed together, the product will be the difference of the second powers 
of these two numbers. 


Particular Example. 


» Let a@a= 12 and 6 = 7. 
¥ a+b = 19, anda—b=5, 
a’ = 144, 6? == 49. 
(a+b) x (a—b)=19 KX 5= 95, 


and a —b’ = 144— 49 = 95. 
Mult’ply @+6 by a+. 
a+b 
a+é 
«tab 
ab+l? 
a +2ab +b. 


That is, the product of the sum of two numbers, by itself, or the 
second power of the sum of two numbers, is equal to the sum of the 
second powers of the two numbers, added to twice the product of the 
0 numbers. 

Multiply a—b by a-—b. 

~The answer is a®?-—2a6 + 6’, which is the same as the last, 
except the sign before 2 a 6. sg 
Multiply a +- 246 +0° by a+ 8, that is, find the third — 


wer of a+b. 
4 Ans. & +306+3a0?40° 


a 
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This is expressed in words thus : the third power of the first, 
plus three times the second power of the first into the second, plus 
three times the first into the second power of the second, plus the third 
power of te second. 


Multiply a@®—2ab4-0? by a—b. . 


Ans. @& —3 0b +3ab°—B6. — 


Which is the same as the last, except the signs before the se- 
cond and last terms. te ia 

Instances of the use of the above formulas will frequently 
occur in this treatise. 


Division of Algebraic Quantities. 


X1V. The division of algebraic quantities will be easily per 


formed, if we bear in mind that it 1s the reverse of multiplica-_ 


tion, and that the divisor and quotient multiplied together must 
reproduce the dividend. 

The quotient of w 6 divided by a is 6, for a and b multiplied 
together produce ab. So ab divided by 6 gives a for a quo- 
tier t, fur the same reason. 


if6 abc be divided by 2 a, the quotient is 3 0 e. 


If by 2, the quotient is 3 ac. 

If by 2c, the quotient is 3 a 0. ‘ 
If by 2.4, the quotient is 2 ac. 

if by 3 a6, the quotient is 2c. 

If by 6a the quotient is bc. 


For in all these instances the quotient multiplied by the di- 
viscr, produces the dividend 6 abc. 


Examples. 


1. How many times is 2 a contained in 6 abc? 
Ans. 3bc times, because 3 4c times 2ais 6abe. 
2 (f 6abcbe divided into 2a@ parts, what is one of the 
paris ° ; a, 
Ans. 3bc; because 2 a times 3 bcis6abe. . 


a 
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Hence we derive the following 

Rue. Divide the coefficient of the dividend by the coefficient of 
e dwisor, and strike out the letters of the divisor from the divi- 

nd. 


3. Divide 16abe by 4. 

, Rs abe by 3 a. 
piste 2abe by 10bc. 
en 1abed by , 6 ad. 
eae 2 abe by ab, 
ie i7ad .. by ad. 
9... 4 a° by a’. 


Observe that 4 a’ is the same as 4 aaaandq’ is the same 
asaa; 4aaa divided by au giv& 4 a for the quotient. 

It was observed in multiplication, that when the same letter 
enters into both multiplier and multiplicand, the multiplication 
is performed by adding the exponents, thus a’ multiplied by a* 
is a 0. in similar cases, dwision is performed by subtract- 
ing the exponent of the divisor from that of the dividend. a’ divid- 
ed by a’ 1s a —? = a’. 


10. Divide 6a’ bec by 3a 6’. 
se Ans. 2abe. 

1 is CA 30 0? a by bd. 
| ai Gabe? by 4a’ c’. 
13. « 18 2° y? by 6. 
id A8atx*m by 16a’ xm. 
Lost Warm by 12ar’. 
16,.° “ 60 p* ¥? by 60. 
ati Tap by ap’. 

| a alld 120ar’t by rf. 


The division of some compound quantities 1s as easy as that 
of simple quantities. 
i Tf. a+b-+cbe multiplied by d the product is 
ae d(a+b+c)orad+bd+ed. 
' Therefore ifad +6d-+ cd be divided by d, the quotient is 
a + b ae Co 
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Ifad+bd-+ cd be divided by a + 6 + ¢, the quotientis d. 
When a compound quantity is to be divided, let. the quan- 
tity, if possible, be so arranged that the divisor may appear as 
one of the factors, and then that factor being struck out, the 
other factor will be the quotient. 
19. Divide 12a?b—9ac by 3a. 
12a°b—9ac=3a(4ab—3c) 
/Ains. 4ab6—8e. 
Observe that a is a factor of both terms, and also 3. Hence 
the quanaty 12 a’? 6b —9 ac, can be resolved into factors ; thus 
3(4@0—3ac), ora (12ab—9c), or 3a(4ab—3c). In 
the last form the divisor 3 a appears as one factor, and the other 
factor 4 a4 —3c is the quotient. 


~ Note. Any simple quantit¥, which is a factor of all the terms 
of any compound quantity, isa factor of the whole quantity ; 
and that factor being taken out of all the terms, the terms as 
they then stand, taken together, will form the other factor. 

20 Divide Sa’b?—16a°b’c by 2ab—4a’c. 

807? —l6abc=4ab’ (2ab—4a’c.) 
“ns. 446° 
21. Divide S3abe—1l5ab’d+9a°bd’ by 3a. 


92, Divide 150°bc—30a°? + 25a°cd 


by SOC. 
23. Divide 360% b?c— 28a" bc’ + 40 a° bc? 
by 9a —Tat b?c+ 10a? b*c?. 


24. Divide 42a°—84a°b’c by 1—2a@b’c. 
Algebraic Fractions. 


XV. When the dividend does not contain the same letters 
as the divisor, or but part of those of the divisor, the division 
cannot be performed in this way. It can then only be express- — 
ed. ‘The usual way of expressing division, as has alr 
been explained, is by writing the divisor under the divider 


the form of a fraction. Thus u divided by 6 is expressed o | 
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This gives rise to fractions in the same manner as in arithme- 
tic. It was shown in arithmetic, that a fraction properly ex- 
presses a quotient. Algebraic fractions are subject to precise- 
ly the same rules as fractions in arithmetic. _Many of the ope- 
rations are more easily performed.on algebraic fractions. 

In these, as in arithmetic, it must be kept in mind, that the 
denominator shows into how many parts a unit is divided ; and 
the numerator shows how many of those parts are used ; or the 
denominator shows into how many parts the numerator is di- 
vided. : 

I shall here briefly recapitulate the rules for the operations — 
on fractions, referring the learner to the Arithmetic for a more 
full developement of their principles. 


2 times a Oy 
11 11 
2 times 2 — 2a 
b b 
. w= ge 
C UMS 2 = a, 
ee 
8 of Tis 2; for 1 of 7 is 7, and 2 is3 times as much. 2 of 
ais 4; for } of ais 4, and 2 is 2 times as much. The ; part 


of eis** 5 for : of c is =, and = is a times as much. 


Hence, to muitiply a fraction by a whole number, or a whole 
number by a fraction, multiply the numerator of the fraction and the 
whole number together, and divide by the denominator. 


Arith. Articles XV. & XVI. 


Examples. 
1. Multiply a by 2. Ans. Aone 
c 
2 
- 2. Multiply pues by bd. 


Ana, BabA + 20d 


at 
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8. Multiply — by 48% 
12 6? c—3ab’ 
ee 
4. Multiply oe by 5ac+3c’. 
5. Multiply es by 5ab—3n. 


6. Multiply 16ae—3be by 2@ 32. 


2a+7 2 
Division of Fractions. 
XVI. 1. Divice - by 2, or find $ of | 
Axe: ing 2, 
7 (i 
2. Divide et by a, or find Le 
e e | 
ae fins 
€ § 
3. Divide Gen by Rae ae or tnd ae 
cd ; 3a 
Gat “Ans. 2 ab, 
ed ed 
4. Divide by 2, or find $ of ; : 


This cannot he done like the others, but it may be done by 
multiplying the denominator asin Arith. Art. XVII. For the 
fraction 5 denotes, that one is divided into as many equal parts 
as there are units in 5, and that as many of these parts are used _ 
as there are units in a; or that a is divided into as many equal > 
parts as there are units ind ; hence if it be divided into twice | 
as many parts, the parts will be only one half as large, and the - 
" fraction will have only one half the value. q 


‘ae. « 


eer 


” Hence ; divided by 2, is 


a 
2b 
eee ie) 
So — divided by d, is — 
c ed 


5. Divide by 4d. 


3ab 
©) 


~ 
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Ans. 


3a 
Seca 


8d 


Hence, to divide a fraction by a whole number. divide the nu- 
merator ; of when that cannot be done, multiply the deneminator by 


the divisor. 


6: Divide. 828 


d 
2 B33 
* piwide. 142 
cad 
5 5 
@ Dido. 7 26h 
3dm 
2 
Sepa 32 
5ac 
10. Divide 726 
: J a 
gis 4ac ( 
11. Divide tera 
bd 
i Divide sees 
mnr 
13. Divide 1346 
5ced 
oe mr 
14. Divide = 
Tacd 
oF BS Or, 
. Divid pes eee 
15 ivide oi: 
by ack Tam—13b¢ 
}. ,Diyide Tae 
acd 


17. Divide 


‘ban —mn 


a 8 


Boe 


by 
by 
by 
by 
by 
by 
by 
by 
by 
by 


by 


by “i 


3 a. 


= 
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aimee 17c— 3.2” aj 
18. Divide Perea a 2 b: . 4a +3. 
20 n— Tn y + 
10. Bande. Soe: by 43 x 
46 ++ 32 
20, aDige |. “a2 Same os by Ta+4cd—1, 
3a—4cd+ 1 
. What is 2 of 2? ees of © j is a and 2 is twice as .nuch, 
oO 
mee 
that is, —. 
nat is Ee 
= : a Cc 1 Gari Glin 
22. What is.the — partof.— °°... = of) xs. end. as-4@ 
fies b= ae Ears, F 


. a thie 
times as much, that is, —. 
a 


‘ Be ie a a 
Phat? is, co. Se Ae 
d b bd 
Ilence, to multiply one fraction by another, multiply the nume- 
_ rators together for a new numerator, and the denominators together 


for a new denominator. Arith. Art. XVI. 
23.-Multiply 22 ‘by 2: ee 
-3 C 2m Gem in 
Ae 8ad Zam 
24. Multipl oe b 5 
ail 4be y Stn 
a: See 2Qaner 38 a2 
25. Multipl prea Wei 
Un ae Gaps aby 
26. What is 20 Wego wees 
5ed 3nd 
Os What i ist 4rd _ of 7b Be? 
a 9ax* I3nc 
x25. Multip y es lg a5 cad 
3 b +c x 5a b 4 Ai {eS 2 
29, Multiply a2 2 an —3 we m by. ba m s - 
Macp2e. Pam—se 


XVI. 


30. Multiply 


31. Multiply 
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2a¢+3 4, Sab—e 
be * Bac—2ad 
1sac 


a—m+ 3m’ is 
ltem —¢+5 


Tam 


We have seen that a fraction may be divided by multiplying 
its denominator, because the parts are made smaller; on the 
contrary, a fraction may be multiplied by dividing its denomi- 


nator, because the parts are made lurger. 


Arith. ‘Art. XVIII. 


Hf the denominator be divided by 2, the unit is divided into 
only one half as many parts ; consequently the parts must be 


twice as large as before. 


If the denominator be divided by 5, 


the unit is divided into only one fifth as many paris; hence the 
parts must be five times as large as before, and if the same num- 
ber of parts be used as at first, the value of the fraction will be 
five times as great, and so on. 


32. Multiply 


33. Multiply 


Sa by Be Ans. 3a 
20 4 
a 

ad b b. 

be y 


If we divide the denominator by 6, the fraction becomes 


c 


in which a is divided into - part as many parts ; hence 


the parts, and consequently the fraction is 6 times as large as 


before. 
34. Multiply 
35. Multiply 
36. Multiply 
37. Multiply 


38. Multiply 


oa : 
Reet b 2 
bc y 
nds by 8c d. 
32: dé 

6 by Tam’. 
42 a? mm?’ 

ab ae 
ae b 5 mae | 
$s 

nce b 5, 
5 “i 
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39. Multiply ae by ab. 
: sac 
, tip! witaoe ene k 4d. 
40. Multiply Cee ay b 
: 17—4be 
1. Multiply ee ee ae ae 
: saa 16a —12a0b—4@a@ y 
Ce 23 m—- 13 
2. Multip! IE FOR nee eet IEE 
a Py 35 mcd—T met 42mac 
by 7m c 
43. Multiply 2 by 5. 
Dividing the denominator by 5 it becomes }, or 3., 
Multiply 5 by b. 


Dividing the denominator by 0 it becomes + or a. 


44, Multiply =! by 56d. Ans. "2° = 30. 
ov 


b 


In fact . multiplied by G is ge 1, and - being a times 
) 


] " 5 
as much as —, Must give a product a times as large, or a. 
\ b i os 


times 1, which is a. 


Hence, if'a fraction be multiplied by its denominator, the p-o- 
duct will be the numerator. 


45. Multiply pe by 5 bd. 
: 46. Multiply oe by <8 be. 
47. Multiply: ro by 
5 48. Multiply — eae. by co : 
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49. Multiply. , oe ; 
ultiply. ae va 
en rac+37be oo 
0. Multip! et TA eee 
rittaiaee op 10ab—2c i ‘ 
51. Multiply ~ elias us eee by feat ee 48. 


Two ways have been shown to multiply fractions, _ and two 
pag to divide them. : 


To multiply a fraction, > inudesol the numerator 
To dwide a fraction, PY the denominator... — 
To divide a fraction, fe ; the numerator.. 

te : divide ae 
To multiply a fraction, § » the denominator. 


Arith. Art. X VITL. 
Reducing Fractions to Lower Terms.. 


XVII. Jf both numerator and denominator he multiplied by the 
same number, the value of the fraction will not be altered. 


Arith. Art. XIX. 


For multiplying the numerator multiplies the fraction, and 
multiplying the denominator divides it ; hence it will be multi- 
plied and the product divided by the multiplier, whieh repro- 
_ duces the multiplicand. 


a . . e 7 = 
In other words, Ft signifies that « contains 6 a certain num- 


ber of times, if a is as large or larger than b ; or a part of on- 
time, if b is larger than a. Now it is evident that 2 a will con- 
tain 2 6 just as often, since both numbers. are twice as large as 
: before. 

So dividing both numerator and denominator, both euides 


cad multiplies by the same number. - 
5 2K Oe MS 7K 8. Ot Se eee 
to 5 UM Gs oS SE ee 
@ 2a 30 ae #2aed e 
To io oh been dc , 
Gab __36%2a_ 2a - 


» 
e 


Hence, ifa i cs contain aie same factor both i in the nu- 
merator and denominator, it may be rejected in both, that is, 
both may be divided by it. ‘This is called biting fractions 
to lower terms. ; - ‘ 


> 


i. Reduce 9am to its lowest terms. Ans. Ae 
Sl BCH Oe 5 bc 
12aa to its lowest terms. Ans. 3 : 
Cara: CS Sa teria 
As 
Se to its lowest terms. Ries eae 
39). Ocitt + , 
$2.b m’? 2 ; 
4, Reduce ~: z _ to its lowest terms. ee 
16 Br y . & 
= SFM oe = 
5. Reduce s2abt at to its lowest terms. ee 
13 a bx on ‘ me, 
A RS 
6. Reduce 15? — 25 a to its lowest terms 
. ae ., Oe be+ 55 a? b. “ee 
ee : SS they € 
7. Reduce <tr — 5g 7 -__ to its lowest terms, 
108ax27°+8 reece ere a. 


S Divide 3 35 a? b ms oS by Aaa ama 


aa 
XVII. Addition and Subtraction of Fractions. OF 
TS: Divide Tacx by’. 43 ac ur x st : q 
16. Divide 28acy by = 14 ay’. 3 
17. Divide 36 a m*y by BA aay. . ; 
18. Divide 75a") y by 35 acy’ te : 
19. Divide a+ by < 2e¥! | 


20, Divide 2a@e—T@be+15@ced «| 
| eo tee by is acd. ae 
Divide 18 a m?’— 540° in? 4+ 42.07 m' ae 
% 30.a° m? d — 12.¢ aoe si 
Divide (« +b) (13a0e4-be) by (m?—c) (a af b). ~ 
23. Divide 3¢?(a—2c)* by 2be'{a—2c)’. 3 
24. Divide 36 Be (2a+dy (7b—-d)> 
by 120° Oe a + d)’ (7b —d)’ (a—d). 

ies . % Biliion biel Subtraction of Fractions. 
‘ & 

— Add 1 geth d * and =. 
ogether rend — an i; 


This addition may bi ae by writing the fractions one 
# = seid with the sign of addit! on bet cen them ; thus 


fn oN, B. bee. fractions are connected ys signs -}- 
-sign should stand directly in a line w lic line 


frequently desc! to add the numer 
s, if eit are not of : 


on, mest first ber 
metic, Art. = : 


aig a 
. 


* 
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ihe Se Sire O'a a Sa+2a_ 5a 
¢ Add together 2 and aa JAlns. Tee ae 
in 3 Qa 5 ab 2a4+ 5ab 
4. Add together Ape and ae Mins. — ae 


5. Add'together 2° and’ 2.. 


These must be reduced to a common. denominator. It has: 
been shown above that if both numerator and denominator be: 
multiplied’ by the same number, the value of the fraction. will 


notibe altered. Ifboth the numerator and denominator of the: . 


first’ fraction be multiplied by 7, and these of the second by 5, 


ae 
the fractions become 21 and 18. They are now both of the: 


same denomination, and their numerators may.be added, The 
answer is 21. - 
al c 
6.. Add together — and — 
ah 


Multiply both terms of the first by d, anil of the second by. | 


6, they become aa and: ms The denominators are ROW alike: 
and: the numerators may be added. 
The answer gtd toe 

bd = 


7. Add together ee ? a and 2. 
Tn all cases the denominators will be alike if both terms of eack 
fraction be :nultiplied by the denominators of all the others. For 
then. they: will all consist of the same factors:. ok 
Applying this rule to the above example, the fractions be- 
come “4 J % df h. bas fh. wae 2 - and. bdf, dfg — 
bd fh bdfh bdfh bdfh 


the answer in fbb befh+bdehpbafg 


bdfh - 

Sa. Oe alow + 4 be: 

3 . togetl and: saeeiniseeee ——_ 
8. Add toge er rh re ee io oe 


By: 5, 7 
Ae ‘ awe | 4 
oe 3 ao. . 


i 
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It was shown in Arithmetic. Art. XXII, that a common de- 
nominator may frequently be foundmuch smaller than that pro- 
duced by the above ruie. This is much more easily done in 
algebra than in arithmetic. 

9%. Add together - = and Tm 


2? 
Ci xcb-e cg 


» Here the denominators will be alike, if each be multiplied 
by all the factors in the others not common to itself. If the 
first be multiplied by e g, the second by ¢ g, and the third’ by 
bce, each becomes 6 ¢? e g. Then. each mumerator must be 
multiplied by the same quantity by which its denominator was 
multiplied, that the value of the fractions may not be altered. . 
j < , 2 
The fractions then become “£8, © ae , an eb cf 

bees brciey bces 
The answer is cep ede rbees. 

bceg 


10. Add together 2 @C ond suv 
be 2dg 

* 
ulti, €c Me, en 
di. Add together — ais A ay 
oge a Lary an ; 


12. Add together oe 
at 2mn 3mp 
; ; 2 3cd 
O Xddtogetiter 2". and 2 Se. 
a a tak bh bbn 2m? n 
3m’ s Qar 
. Ad ther :'——_ ——, and: i 
ie oe aes wr ee Soma P ed 
: be 2m r : ae 
16. Add together 2%%, and 13 cd. sth - 
Hs fe 36 ¥ wii ai a 
17. Add together 7%”, and 2ac—5 8. * 


y 
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18. Add togcther ie ladies and 11 ¢.e—5-n. 


2 


an 
BO ie uaa 
19. Add: together 15 a'me—2 ab and 2% 
Tam’ b 36m 


4 
20. Add together Me cis and pee 
| Aon 26+ 16.ab 
21. Subtract © from ae a 
bc? 2be ; 
- This subtraction may be expressed thus; 


», 


3 a: (e ” 
Qhe be 
But if they are reduced to-a:common denominator, the nume- 


ee rators may be subtracted. 


Ans Sac —Ze 
2 b:c" 
22. Subtract 2ab from Sms’ 
38Ca 2 Ca ae 
8cd cde | 
é: 93; Subtract - = afrony 4s 
; : 70m? x 216 m3 x’ 
84: Subtract —” a . rome ES 5 
: may 2mny 


25. Subtract aes, from: ary: 
2m°*s*t 3m 3h 


26. Subtract 1 cee from: lovey. 
3 mb 5 mb 


$7. Subtract 1S mby Pon 
' Tn x 3 nn? ah 


v4 98. From 13a¢c+-bc subtract 2 =” ae 


i. ss U ee 4 > 
ow 29. From an didi subtract — 
ial 231 2 4am 
gee ; ¢ % | 
* 


” wien. 


XTX, Division by Fractions. . 9% 
27 ad 2abd—Sme 
30. From —— 36a subtract ep 
Solution. 
27ad_ Babs— Ben? _ (274d) 2% 
Boe 4 ¢ a» (246¢)26 % 
_ 2abd—3em' _. B4 abd ae” a 
40°C ee 
 2t4bd—3em __ 5S4abd—2abad + 3en" 
aie 40° ¢ 
. _ 52abd + 8 ni? 
; "A OF e a 
which is the answer. ; 4 
When the fraction ae oo was subtracted, the 
é . 


‘sign — was changed:+to +. See Art. VI cxample 6th 


On ee 5 ne? — 10a ¢ dx ; 
Lax ad 1 — 4 
‘Subtract ee a —5 mx oe ie i 
Om x 
cb 
1Zamnwx llan 
foe. Prom: 2 eebtraet) 2-2 
3d x2 —5 4dex 
ihe 
— Divison of whole numbers hy y Fractions, and 'Fraciions. ag : 
‘Practions. .. 


dies many times is 2 2 contained in 7.? 
3 ns. + is contained in 1, 35 times, and 2 i 
times ; that 1 be, 2. or a 
On ained ina? 
Jae Cm ‘in 7 8a ‘times, and & 18 contained 3 
3 that is, oe 


nie 


a dis contained in bc; that is, 
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‘= iv : Fi a : H 
3. How many times is + contained in c? 


fe . ors F i ‘ ba 
Alns. Fi is contained 6 ¢ times in c, and am is contained => 
: é a 


; peas ee 
as many times; that is, —-. 
a 


Arith. Art. XXIII. 


4. Of what number is ¢ the oa part ? 


Ans. If c is the 7 part of some number, © will be = 
& 
part of the same number, and © be * 
ie -=p a 
3 Arith. Art. XXIV. 


Hence, to divide a whole number by a fraction, multiply rt by the 
denominator of the fraction, and divide the product by the numera- - 
tor. - 


= a * i. = eo 
How many times is 2 contained in 3. 


Solution. Reducing them toa common denominator, 2 is \ 
~24,and 7 is 3%. 24 is contained in #% as many times as 24 19) 
contained in 3 ; that -is,°3 or [Ft cette || 


ye c - a 5 & 
6. How many times is Fz contaied in “p ? 


Solution. Reducing them to a common denominator, - 


od and © is be aes 


e. Use 

is ee ee is contained in — as many umes as 
Pi Waar peaee Oca y, Fa’ y 

be 


=. Ang. ee 


PAs 


7. Of what number is © the + part ? 


es, 


Bee & 
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Solution. If “ is the - part of some number, 4 precy + 


yh 1 Che C Cotes sb 

is “> Part of that number ; = part of er and is = 
be be 
th pore aah 
pat" 0 a /Alns oe 


Hence; to divide a fraction by a fraction, multiply the nume- 
rator of the dividend by the denominator of the divisor, and the 
denominator of the dividend by the numerator of the divisor. 

Or more generally, when the divisor is a fraction, multiply the 
dwidend (whether whole number or fraction) by the divisor 


inverted. Arith. Arts. XXIII. and XXIV. 
8. Divide 3a) by e. 
9. Divide 13 a by aS 
c 
sie ae 
10. Divide 17am by 5 
11. Divide act by She 
24a 
2 
12. Divide Saz byes ae 
32 y 
13. Divide 2ac—be by = 
c 
14. Divide 17a2?—2bae+cz b EIS | tlatlell 
760? ¢ 
15. Divide llaw—3xze by i) a ne 
; Tacx—sae 
et be 3ac 
16. Divid vith, b 
ivide 5 y Ps 
ar 2cd Qry 
, d ates b : 
, V4 Divide Say | y Aaa 
‘ 73 17 am 3 a? n? 
18. Dy oY 52 Pe by Tey 
“edt 9 


i 
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36 an 45 a2 n° s 

35 BF m y? y 21 5° m? y 

I3a+2be 13.ab—2a”747 


19. Divide 


20. Divide ouew by 
2 ane i OF CL. 
3 eS eee 
21. Divide ye 2 a Sed y haem, Pe 
2am+5ae 2a+3ed 


5me—2 d- say 


2. Divid b ‘ 
" ore Smy + 3md y 5d—me 


Division of Compound Quantities. 


XX. Sometimes division may actually be performed when 
both divisor and dividend are compound quantities. Since di-- 
vision is the reverse of multiplication, the proper method to dis- 
cover how to perform it, is to observe how a product is formed 
by multiplication. 


Multiply 2a2b—3a?b?e fab ec? 
by 47? ¥+2abe. 


68a B12 a c+ 4a bc? +4 0b? c— 605 Bc? +- 207 b C8. 

Observe that each term of the multiplier is multiplied separ- 

~-ate'y into each term of the multiplicand. The product therefore 
must consist of a number of terms equal to the product of the 
number of terms in the multiplicand by the number of terms in 
the multiplier. If the product be divided by the multiplicand, 
the multiplier must be reproduced, and if by the multiplier, the 
multiplicand must be reproduced. 

The three terms 8 a? b3 — 12 at bt ¢ + 4 a8 Bb? c? of the pro- 
duct were produced by multiplying the three terms of the multi- 
__ pkcand by the first term of the multiplier, 4 a? b?. Therefore, 

_ if these three terms be divided by 4 a? 6, the quotient will be 
the multiplicand. . 
Again, the three terms 
= 400 c—6HPb B+ 2 a hres =F 
of the product were formed by multiplying each term of the 
muliplicand by 2a6c. Therefore, if these three terms be di- 
vided by 2 abc, the quotient will be the multiplicand..__ = 


7 3 
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Hence we see that the whole division might be performed 
by any one term of the divisor, if all the terms of the dividend 
which depend on that term and the quotient could be ascer- 
tained. This cannot often be done. by inspection; for in 
many products, though at first there are as many terms as there 
are units in the product of the number of terms in the multi- 

plicand by the number of terms in the multiplier, some of the 
‘terms are united together by addition or subtraction, and 
some disappear entirely. Even if all the terms did remain 
entire, they could not be easily distinguished. 

However, one term may always be distinguished, and from 1t 
one term of the quotient may be obtained. 


Divide 4a*§— 92 P+ 60b3 — d4 
by 2a0—3ab-+ Bb. 


First, it is evident that the highest power of either letter in the 
dividend, must have been produced by multiplying the highest 
power of that letter in the divisor by the highest power of the 
same letter in the quotient ; for in order to produce the dividend, 
each term of the divisor must be multiplied by every term of the 

- quotient. Therefore, if 4 a‘ be divided by 2a? it must give a 
term of the quotient. Or, if — b* be divided by 8? it must give 
a term of the quotient. Let the quantities be arranged accord- 
ing to the powers of the letter a. 


Dividend. Divisor. 
4a°*—9 eb? +6485 —bt (20—B3ab+h 
4a°*— 6056+ 2a? } 2a?-+ 3 ab — & quotient. 


6ab—ll1la@ I? +643 — dt 
Gah 9 P Gok 


ger}? Se aR — 
ar BF ok Sab 


I divide 4 a‘ by 2 a?, which gives 2 a? for the first term of the 
tient. Now in forming the dividend, every term of the di- 
IsoOr was papried by this term of the quotient, therefore I 
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multiply the divisor by this term, by which means J find all the 
terms of the dividend, which depend on this term. They are 


4a°—6@604+2¢@ D?. 


Here is aterm 6 a? b which is not in the dividend, this must have 
disappeared in the product. The term 2 a? 6? is not found. 
alone, but it is like 9 a? 6? and must have disappeared by uniting 
with some other term to form that. I subtract these three terms 
from the dividend, and there remains ‘ 


6ab—11 28+ 6a — dt. 


which does not depend at all on the term 2 a? of the quotient, 
but which was formed by multiplying each remaining term of the 
quotient by all the terms of the divisor. This then is a new di- 
vidend, and to find the next term of the quotient we must pro- 
ceed exactly as before ; that is, divide the term of the dividend 
containing the highest power of a, which is 6 a® b, by 2 a? of the 
divisor, because this must have been formed by multiplying 
2 a’ by the hghest remaining power of a in the quotient. This 
gives for the quotient +-3a@ 6. I multiply each term of the di- 
visor by this, and subtract the product as before, and for the same 
reason. The remainder is 


—2e0'+ 3aB — bi, 


which depends only on the remaining part of the quotient. The 
highest power of a, viz. 2 a? b?, must have been produced by 
multiplymg some term of the quotient by 2 a? of the divisor ; 
therefore I divide by this again, and obtain — b? for the quotient. 
T multiply by this and subtract as before, and there is no remain- 
der, which shows that the division is completed. 

By the above process I have been enabled to discover all the 
terms of the dividend produced by multiplying the first term 
of the divisor by each term of the quotient. If both be arranged 
according to the powers of the letter b, and the same course 
pursued, the same quotient will be obtained, but in a reversed 
oider. 

In the division the term — 2 a? b? has the sign —. Here we 
must observe that the divisor and quotient multiplied together 
must reproduce the dividend. 


If + ab be divided by + a, the quotient must be + 8, be- | 


cause + a4 X + b gives +a), 5 - 
»* 
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If — ab be divided by ++ a, the quotient must be — b, be- 
cause -+ a & — b gives — a b. 

If +a b be divided by — a, the quotient must be — 6, be- 
cause — @ X — b gives +a 0. 

If — a b be divided by — a, the quctient must be +- b, be- 
cause — a X -+ b gives —a b. 

The rule for signs therefore is the same as in multiplication. 

When the signs are alike, that is, both ae or both —, the sign 
of the quotient must be +; but when the signs are unlike, that ts, 
one + and the other —, the sign of the quotient must be —. 

By the reasoning above we derive the following rule for division 
of compound numbers. 

Arrange the dividend and divisor according to the powers of 
some letter. Divide the first term of the dividend by the first term 
of the divisor, and write the result in the quotient. Multiply alt 
the terms of the divisor by the term of the quotient thus found, and 
subtract the product from the dividend. The remainder will be 
a new dividend, and in order to find the next term of the quotient, 
proceed exactly as before; and so on until there is no remainder. 

Sometimes, however, there will be a remainder, such that the 
first term of the divisor, will not divide either term of it; in which 
case the division can be continued no farther, and the remainder 
must be written over the divisor in the form of a frac ioe and 
annexed to the quotient as in arithmetic. 

Divide 2a° — 11 a*b + 110° b+ 130°}? by 2a,— b. 

: Qae=0 
a—5@b+3ab°+8aP 
2a —11athb+110°0’4+ 1347d? 4 b° 
Se dal Cae |. 


—10ab + 110°? +1347) 
— 10a*b+ 5a’ b’ 


60h? + 13.02b 


6 a? b?’ — 3.a’? B? ‘ 
16 a? b? 
16 a? b?— 8 ab* 
8 abt 
8ab*—4) 
CE age 


ohm 


402 
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In this example, the division may be continued until the te- 
minder is 4 b°, which cannot be-divided by a, therefore it must 
be written over the divisor 2a@—b as a fraction and added to 


the quotient. 


Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 


Pie Sit SU i 0°: tbo De 


Loo) 


—_ 
i=) 


. Divide 
. Divide 
. Divide 
. Divide 


ek eh 
one 


Examples. 


w+ 2axr+ a by 
a — b by 
b* + 2b @ +2” | by 


aires ae by 
r—y? by 
15 a’°+2ab— 80D’ by 


ve —2ey' + y’ by 
a® — 9a? + 27. by 
4a*—3—9a°+ 6a 


by 

a* — x* by 

6 2* — 96 by 

47 —ab by 

6 a* +9 a’ — 15a by 
XXI. Equations. 


a + «.* 
at b. 
b? + 2. 
o+ay+y’. 


aty, 


Oh ——- oO. 


t— y. 
9—6a+a. 


38e—1+2a. 
e@&—a@rtar’?—a'. 
34 — 6. 

2a—b. 

3a — 3a. 


The above rules are sufficient to solve all equations of the first 


degree. 


1. Find the value of x in the equation 


ab? as — 2c Quc 
5a 8 acSubis: 


tors. 


= a4 


2 
pe ee 
3 


First, clear it of fractions by multiplying by the denomina 


* Let the learner prove his results ty multiplication. 
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Expressing the multiplication, we have 
(ab’e&— 2c) (8a—b) (3) — (2ac) (5a) (3) 
= (abz) (5a) (83a—bd) (3) — (2) (5a) (B8a—d). 
Performing the multiplication it becomes 
9a bs —18ac— 3ab't+ 6be— 30@c¢ 
= 45 @0b«&— lbe¢be— lbe¢Wrx + 5ab'c. 
Transposing all the terms which contain « into the first mem- 
ber, and those which do not contain it into the second member, 
it becomes 
9a bc— 38a t— 450 be+ ib@Hrt+ LbeCvac— 
5ab?e=— 18ac—6bc+ 30a c. 
Uniting the terms which are alike 
39@ ba —S8al’ae—45aba= 18ac—6bc+ 30@’c. 
Separating the first member into factors 
(39 a’ b> —8 ab? — 45 0°b) e=18ac—6bce+ 30a’ c. 
18ac—6bc4+ 30e@'c¢ 
39 a? b> —8 ab? — 45a’ b 
2. Find the value of z in the following equation; 


7 eel 
2c 


which gives 2 = 


3. What 1s the value of 2 in the following equation? 


> ee 1 So% 2 
okey +4bc=—ab. TOE ENE. SoM pei ana ad 


b— 32 3ab—12be 
4, What is the value of « in the following equation? 
2 __—_ 

RE Soa 13.6¢== Fone ‘ 

52—2a 2b—1 
5. What is the value of « in the following equation? 

Tabs a—3a | 
ST ig eke STE SE 2 b ce . 
3bce—2azr ef 1—5b 


fet 
‘ 
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XXII. Miscellaneous Examples producing Simple Equations. 


1. A merchant sent a venture to sea and lost one fourth of it 
by shipwreck; he then added $2250 to what remained, and sent 
again. This time he lost one third of what he sent. He then 
added $ 1000 to what remained, and sent a third time, and gained 


asum equal to twice the third venture; his whole return was equal . 


to three times his first venture. . What was the value of the first 
venture? 


2. A man let out a certain sum of money at 6 per cent., sim- 
ple interest, which interest in 10 years wanted but £12 to be 
equal to the principal. What was the principal? 


3. A man let out £98 in two different parcels, one at 5, and 
the other at 6 per cent, simple interest; and the interest of the 
whole, in 15 years, amounted to £81. What were the two 
parcels? 


4. A shepherd driving a flock of sheep in time of war, met a 
compaay of soldiers, who plundered him of one half the sheep 
he had and half asheep over; the same treatment he received 
from a second, a third, and a fourth company, each succeeding 
company plundering him of one half the sheep be had left and 
one half a sheep over. At last he had only 7 sheep left. How 
many had he at first? 


5. A man being asked how many teeth he had remaining, 


answered, three times es many as he had lost; and being asked 
how many he had lost, answered, as many as, being multiplied 
into } part of the number he had left, would give the number he 
had at first. How many had he remaining, and how many had 
he lost? 

- After this question is put into equation every term may be 


divided by 2. 


6. There is a rectangular field whose length is to its breadth 
as 3 to 2, and the number of square rods in the field is equal to 
6 times the number of rods round it. Required the length and 
breadth of the field. eR a 


7. What two numbers are those, whose difference, sum, and 
product, are to each other, as the numbers 2, 3, and 5 respec- 
tively? ! 


a 


| 
| 
| 
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8. Generalize the above by putting a, b, and ¢ instead of 2, 
3, and 5 respectively. 
Let z = the greater 
and y = the less, 
Then 


: a 
a. — sitag 


bi—ax -b—a 
3. by the first 1 Ea Eee 
cx 
az+e 
ex b—a 
azfe bfa 
Cy ee 


az+ec b+ta 


clearing of fractions bc + ac=abze—a’rtbe—aece 


4. by the 2d y= 


5. by 3d and 4th 


6. dividing by « 


n 


8. by transposition abr —a’r=—2ac 
9. from the Sth (b—a)t4=—2c 
; Ze, 
10. i eer 
b—a 2-0 2¢ 
. PS i oe ce Maas RP 
4 Solve the 7th Ex. by these formulas ; also try other num- 
ers. 


11. putting 10th into 3d y = 


9, When a company at a tavern came to pay their reckoning, 
“they found that if there had been three persons more, they would 
have had a shilling apiece less to pay; and if there had beentwo a 
less, they would have had to pay a shilling apiece more. How 
many persons were there, and how much had each to payfiner: % 


a 
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10. A sum of money is to be divided equally among.a certain 
number of persons. Now if there were threc claimants less, 
each would receive 150 dollars more; and if there were 6 more, 
each would receive 120 dollars less.) How many persons are 
there, and how much is each to receive? 


11. What fraction is that, to the numerator of which if 1 be 
added, its value will be 3, but if 1 be added to its denominator 
its value will be 3. 


12. What fraction is that, to the numerator of which if a be 


added, its value will be ihe , but if a be added to its denominator 
n 


its value will be P3 

ap (m- 0) 
mq—np A 
an (pq) | 


mg—np 
Solve the 11th example by these formulas. 


Ans. Numerator 


Denominator 


13. What fraction is that, from the numerator of which if @ 


be subtracted, its value will be —, but if a be subtracted from 
n 
its denominator, its value will be P > 


N. B. The answers to the 12th and 13th differ only in the 
signs of the denominators. The learner will find by endeavoring 
to solve particular examples from these formulas, that he will not 
always succeed. If in making examples for the 12th, he selects 
his numbers, so that n p is greater than m q, the formula will fail; 
but if he takes the same numbers, and applies them according to 
the conditions of the 13th, they will answer those conditions. 
When mq ts greater than np the numbers will not suit the con- 
ditions of the 13th, but they will answer to those of the 12th. 
The numbers in example 11th will not form an example accord- 
ing to the 13th. The following numbers will form an example 
for the 13th but not for the 12th. . 


abs 


A 
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14. What fraction is that, from the numerator of which if 3 
‘be subtracted, its value will be &, but if 3 be subtracted from its 
denominator, its value will be 4? 

The reason why numbers chosen indiscriminately will not 
satisfy the conditions of the above formulas will be explained 
hereafter. 


Equations with several Unknown Quantities. 


XXIW. = Questions involving more than two unknown Reahs 
Yitien 


Sometimes it is necessary to employ, in the solution of a 
question, more than two unknown quantities. In this case, the 
question must furnish conditions enough to ferm as many distinct 
ae as there are unknown quantities. 


. A market woman sold to one man, 7 apples, 10 pears, and 
12 Bes, for 63 cents; and to another, 13 apples, 6 pears, 
and 2 peaches, for 31 cents; and to a third, 11 apples, 14 pears, 
and 8 peaches for 63 cents. She sold them each time at the 
same rate. What was the price of each? 


Let x = the price of an apple, 


y= ay a pear, 

Do ae a peach. 
Then we shall have 
1. Ted y+ 12 2== 63 
2 Serbo Gy Qre= 31 
3. lle+ l4y+ 8z= 63. 


The second being multiplied by 6, the z will have the same 
coefficient as in the first. 


4A; 7c -+ 36 y 4+ 12 z = 186 
oe 7# + 10y -- 122 =, 63 
nS. Tila toy. * = 193: 


If the second be multiplied by 4, the z will have the s same 
€oefficient as the 3d. see 3 


& Gea 2s 
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6. 52a + 24y4+ 82 = 124 
Sa lie¢+ l4y+8z=>. 63 
be 4A AOC eee GE . 
We have now the two equations § 712 + 26y = 123 
and 4l2+10y= 61 


which contain only two unknown quantities. These may now 
be reduced in the same manner as others with two unknown | 


‘quantities. 


_ Multiplying the 5th by 5, and the 7th by 13, the coefficient of 
y will be the same in both. 


ee 3552+ 130y = 615 
9. 533 a + 130y = 793 
10. {785 ee ce 179 


We have now found an equation containing only one unknown 
quantity. 
78.2 == 178 
Dees ie 
Putting the value of x into the 7th, it becomes 
41 + 10'y = 61 
y= 2. 
Putting the values of x and y into the 2d, it becomes 
13412 +22—31 
Zz= “6 
2 Sao. 
ins. The apples t, the pears 2, and the peaches 3 cents 
each. : 
In the same manner, questions, involving four unknown quan- 
tities, may be solved. First combine them two by two till one 


of the unknown quantities is eliminated from the whole, and 
there will be three equations with three unknown quantities. 


_ Then combine these three two by two, until one cf the un- 
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known quantities is eliminated, and then there will be two equa- 
tions with two unknown quantities, and so on. 


Either of the methods of elimination may be used as is most 
convenient. 


It is not necessary that all the Gokeiiewn quantities should enter 
into every equation. 


2. A market woman sold at one time 7 eggs, 12 apples, and 
a pie for 26 cents; at another time 12 eggs, 18 pears, and 3 
pies, for 69 cents; at a third time 20 pears, 10 apples, and 17 
eggs for 69 cents; and at a fourth time, 7 pies, 18 apples, and 
10 pears for 66 cents. Each article was sold, at every sale, at * 
the same price as at first.. What was the price of each ar- 
ticle? ” 


Let u = the price of an egg, 


gs an apple, 

y= nN a pie, 

t= $ a pear. 

1. Tuti2ce+ y= 26 
2. 12u+isz+ 3y—69 
3. 17u + 20z-+ 10 2 = 69 
4. 10z+182-+ 7y= 66 


5. In the Ist, -y = 26 —- 7 4 — 122. 
Putting this value of y into the 2d and 4th, they become 


6. 12u+18z+ 78—21u— 362 = 69 
7 10z2+182+ 182 —49u— 842= 66. 


Uniting and transposing terms 


8.. 18z@— 9u—36*4=— 9 
9. 10 z — 49 u — 662 = — 116 
3. 202+ 17u+ 10r=— 69 


If the 9th be multiplied by 2, the cocffigi of z will be the 
samé as in the 3d; ay 


10. 202 -- 99 uw 1382 27 = — 932, © 
10 


% 
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Subtracting 10th from 3d 
3. 2002+ 17u+ 10%7— 69 
10. 20 z — 98 u — 1382 4 = — 232 
11.* * 115u+ 142¢7— 301 
If the 8th be multiplied by 5, and the 9th by 9, the coefficients 
of z will be alike. . 
12. 90 z — 45 u— 1802 = — 45 
13. 90 z — 441:u — 594 x => — 1044. 
_ Subtracting 13th from 12th 
14. 396 u + 4142 = 999. 
Deducing the value of x from 11th, and also from 14th. 
15. = 50 goes 
142 
16. S889 Oe 
414 


Making these values of « equal, we have an equation containing 
only one ‘unknown quantity. 


999 — 396u 301 = 1154 


Pee eS 142 
“This equation solved in the usual way gives 
. Wie 
™ Putting this value of wu into the 15th or 16th, we shall find 
1 
ae. 
2 
Putting these values of « and u into the Ist, 2d, or 4th, aria 
we shall find 
a6). 
Putting the values of x and wu into the 3d, and we shall fad 
Zoe lp. 
Ans. Eggs, 2 cents each, apples, } cent, pears, 1 } cent, and — 
pies, 6 cents. . 


* If the learner is at a loss how to subtract. —233 from 69 let him transpose | 
both into the first meet, or some terms from the first to the second 


. i, 
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In this example, three different methods of elimination were 
employed. This was not necessary; either method might have 
been used for the whole. It is sometimes convenient to»use 
one, and sometimes the other. 


_)> 3. There are three persons, A, B, and C, whose ages are as 
follows; if B’s age be subtracted from A’s, the difference will 
be C’s age; if five times B’s age and twice C’s age be added 
together, and from their sum A’s age be subtracted, the remain- 
der will be 147; the sum of all their ages Is 96. What are their 
ages? / 


4. Three men, A, B, €, driving their sheep to market, 
says A to B and C, if each of you will give me 5 of your sheep, 
I shall have just half as many as both of you will have left. 
Says B to A and C, if each of you will give me 5 of yours, I 
shall have just as many as both of you will have left. Says C 
to A and B, if each of you will give me 5 of yours, I shall have 
just twice as many as both of you will have left. How many 
had each? 


5. It is required to divide the number 72 into four such parts, 
that if the first part be increased by 5, the second part dimin- 
ished by 5, the third part multiplied by 5, and the fourth part 
divided by 5, the sum, difference, product, and quotient, shall 
all be equal. 

6. A grocer had four kinds of wine, marked A, B, C, and D. 
He mixed together 7 gallons of A, 5 gallons of B, and 8 gallons 
of C, and-sold the mixture at $ 1.21 per gallon. He also mixed 
together 3 gallons of A, 10 of C, and 5 of D, and sold the mix- 
ture at $1.50 per gallon. At another time he mixed 8 gallons 
of A, 10 of B, 10 of C, and 7 of D, and sold the whole for 
$48. At another time he mixed together 18 gallons of A, and 
15 of D, and sold the mixture for $48. What was the value 
of each kind of wine? 


“7. Find the values of u, 2, y, and z, in the following equa- 
tions. 
; a—2y+3z=54 

3a —15—u=4y— 23. 
Qu+z—y=27 
yti2—82+ llu=9. 
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8. Three persons, A, B, and C, talking of their money, says 
A to B and C, give me half of your money and I shall have a 
sum d; says.B to A and C, give me one third of your money 
and I shall have d; says C to A and B, give me one fourth of 
your money, and I shall have d. How muclr had each? 
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It sometimes happens in the course of a calculation, through 
some misconception of the conditions of the question, that a 
quantity is added which ought to have been subtracted, or a 
quantity subtracted which ought to have been added. In this 
case, algebra will detect the error, and show how to correct it. 


The length of a certain field is a, and its breadth 6; how 
much must be added to its length, that its content may be ¢? | 


Let « = the quantity to be added to the length. 
Then a + x = the length after adding z. 


abtbr=—c 
ba=c—ab 
c 
2S He 
b , 


Suppose the length to be 8 rods, and the breadth 5; how 
much must be added to the length, that the field may contain 
60 square rods? 


Here a = 8 ,abr== 5, and.c.== 60 
| pe Os 
5 


Ans. 4 rods, and the whole length will be 12 rods 


Suppose the length 8 rods, and the breadth 5; how much must 
be added to the leagth, that the field may contain 30 square rods? 
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The answer is — 2 rods. | What shall we understand by this 
negative sign? 

Let us return to the original equation. 

8x5 +52 = 30 

or 40 + 5x2 = 30. 
Here appears an absurdity in supposing something to be 
added to 40 to make 30. The result shows that we must 
add — 2 rods, that is, subtract 2 rods which is in fact the 
case; for Rug 

3 40—5 X2= 30. 

' Let the question be proposed as follows. There is a field 8 
rods long and 5 wide; how mucn must be subtracted from the 
length, that the field may contain 30 square rods? 

40 — 52 = 30 
Cee 

The value of x is now positive, which shows that the question 
is correctly expressed. 

There is a’ field 8 rods long and 5 rods wide, how much must 
be subtracted from the length, that the field may contain 50 
square rods? 


00 


%— — 2? 


“~~ 


Here again the value of « is negative, which shows some in- 
consistency in the question. 

The inconsistency consists in supposing that something must 

be subtracted from 40 to make 50. In order to correct it, sup- 
pose something added. That is, put into the equation + 52 
instead of — 5 c. 
_ Hitherto we have treated of negative quantities ory in con- 
nexion with positive. They arise from the necessity of express- 
ing subtraction by a sign, because it cannot actually be performed 
on dissimilar quantities. They are only positive quantities ‘sub- 
tracted, and in their nature they differ in nothing from positive 
quantities. In that connexion we discovered rules for operating 
upon the quantities affected with the sign — 

It may sometimes happen as we have just seen, that by some 
wrong supposition in the conditions of the question, the quan- 
tities to be subtracted may become greater than those from 

(=e 


eee fey 


sees. 
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which they are to be subtracted, in which case the whole expres- 
sion taken together, or which is the same thing, the result after 
subtraction, will be negative. This is, what is properly called a 
negative quantity. 

A negative quantity cannot in reality be a quantity less than 
nothing, but it implies some contradiction. It answers to a 
figure of speech frequently used. If it is asked, how much a 
man is worth who owes five thousand dollars more than he can 
pay, we sometimes say he is worth five thousand dollars less 
than nothing, instead of changing the form of expression and 
saying, he owes five thousand dollars more than he can pay. 

If any thing is added toa number, properly speaking it must 
increase the number; if we add nothing, it is not altered. It is 
impossible to add less than nothing; but by a figure of speech 
we may use the expression, add a quantity less than nothing, to 
signify subtraction. 

As these negative quantities may frequently occur, it is neces- 
sary to find rules for using them. 

In the first place, let us observe, that all negative quantities 
are derived from endeavoring to subtract a larger quantity from a 
smaller one. ‘The largest number that can actually be subtracted 
from any number, is the number itself. Thus the largest number 
that can be subtracted from 5 is 5; the largest number that can 
be subtracted from a is a itself. If it be required to subtract 8 
from 5, it becomes 5 — 5 — 3=—— 8; the 5 only can be 
subtracted, the 3 remains with the sign —, which shows that it 
could not be subtracted. If 5 be subtracted from 8, the remain- 
der is 3, the same as in the other case except the sign. 

In the same manner, if it be required to subtract b from a, 6 
being the larger the, remainder will have the sign —, that is, 
' a —- b wiil be a negative quantity. 

Suppose b—a==m; then a—b==—m. That is, whether 
a be subtracted trom b or 6 from a, the numerical value of the 
remainder is the same, differing only with respect to the sign. 

It is required to add the quantity a — b toc. 

The answer is evidently ¢ -+ a — 6. 

Now if a is greater than 6, the quantity c + a — }, is greater 
than c, by the difference between a and 6; but if b is greater 
than a, the quantity ts smaller than c, by the difference between 
aand b. That is, if 


» 


F IP 
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then a—~b = — om 
and eta—b=c—nm. 


Hence, adding a negative quantity, is equivalent to subtracting 


an equal positive quantity. 


In the above example of the field, in which the length was 8 


rods and breadth 5, it was asked, how much must be’ “added to 
the length, that it might contain 30 square rods. The answer — 


was — 2; which was equivalent to saying, you must subtract 2 


rods. 


It is required to subtract a — b from c. 

The answer is evidently c — a +- 8. 

Now if @ is greater than b, the quantity c— a - 51s less than 
¢ by the difference between a and 6, but if 6 is greater than a, 
the quantity is larger than c, by the same quantity. 

‘Let a—b=—m which gives —a+b=m 

then c—a+b=cm. 

Hence, subtracting a negative quantity, is equivalent to adding 
an equal positive quantity. # * 

In the example of the field, in which the length was 8 rods 
and the breadth 5, it was #3 how much must be subtracted 
from the length, that the field might contain 50 square rods. 

The answer was — 2 rods, ‘which was equivalent to saying 
that 2 rods must be added to the length. 

A is worth a number a of dollars, B is not worth so much as 
A by a number b of dollars, and C is worth c times as much as 
B. How much is C worth? 


B’s property == a— b. Bs 
-C’s property =ac— be. as + 


Now if a is greater than b, the quantity @¢ — be will ie pos- 
itive; but if 5 is greater Bod a, then a — } is negative, and also 
ac —Dc is negative. 


Let b—a ae 

then be—ac=cm. - > 7 # 
and ac—be-=—¢cm 
or -@ (a—b) =—em 
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That is, if Bis in debt, C is c times as much in debt. Hence 
if a negative quantity be multiplied by a positive, the produet is 


negative, 

A gentleman owned a number a of farms, and each farm was 
worth a number ¢ of dollars, which was his whole property. He 
hired money and fitted out a number b of vessels, and each ves- 
sel was worth as much as one of his farms. All the vessels were 
lost at sea. How much was he then worth? 

He was worth @ — times e dollars. That is, ac —be 
dollars. — - 

Now if the number ‘sf farms exceeded the number of vessels, 
he still had some property, but if the number of vessels exceeded 
the number of farms, (that is, if b is larger than a,) the quantity 
ac — bc is negative, and he owed more than he could pay. sy 

Hence if a positive cae be multiplied by a negative the - 
product will be negative. q 

Multiply a— b by cs d: > 

a Soe b 3 = 
ec—d. 

Preduct ac—be—ad-+bd. 

This product may be put in this form. . 

(a — b) e+ (b—a) d. 

Let it be remembered that a — b has the same numerical value 

as b — a, they differ ee. in the sigo. 
ae Suppose ob Sm 
“ by changing all go b—a=+ Mm. 


Hence (a — b) e+ (b— a) d=—em+dm=m (d—e) 


Now if d is greater than c, (which is the case when e — d is 
hegative,) the quantity m (d — c) is positive. 


bar Hence if a negative quantity be multiplied by a negative, the 
- product will be positive. x 


ae 
Another cemonstration. | BSuppdse both a — b and ec —dto 
be negative, as before; then b — a and d —c will both be pos- 
itive, ‘and their product will be positive. 
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D.— 4 
b= 


bd—be—adtac. 


This product is precisely the same as that produced by multi- 
plying a — b by c—d. Therefore if two negative quantities 
be multiplied together, the product will be the same as that of 


| two positive quantities of the same numerical value, and will have 


| the positive sign. 


~ It is required to find the second power « a — b, and also of 
b — a. 
The second power of each is a? +- 6? — 2ab. 


Now if a — bis positive, then 6 — a is negative; or ifa—b 


is negative, then b — a is positive. 


_ Suppose a—b=—=m 

_ then b—a=——) 

we have (a—)b)? = (b — a)? =m’. 

That is, the second power of any quantity, whether positive 
or negative, is necessarily positive. 

The rules for division will necessarily follow from those of 
multiplication. 


Hence the rules which apply to terms affected with the sign 
— in compound igpantities, extend to isolated negative quanti+ 
ties. x 


We might also derive the same rules in the following manner. 


It has been shown that a negative quantity is derived from some’ 
contradiction in the conditions of question, by which that quan- 


tity entered into the equation with the wrong sign. Now, in 
order to make it right, the sign of that quantity must be changed 
in all places where it is used. That is, if it was before added, it 
must now be subtracted; and if it was subtracted before, it must 
now be added, and that wliedies multiplied by another quantity or 
not. 

Suppose we have the equation bs 
ace—22°—2abet=>cec—d. 


Now suppose that we have x == — m, 
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This shows that x was used in all cases with the wrong sign, 
therefore to insert — m in place of a we must change the sign in 
each term where a is found. 

Take the quantity first without 2, thus, 

a—2—2ab. 

First insert — m in the second term and it becomes 

a+2m—2ab 

Now insert — m into all the terms, and it becomes 

== an Se oy - 2ab mane de 

If — m be inserted by the rules found above, the same result, 
will be produced. 

When a negative value has been found for the unknowr 
quantity, we have observed it shows that there was some | 
consistency in the question. If then the unknown quantity 
put again into the same equation, with the contrary sign, as 
introduced —= m above, that is, if the unknown quantity 
taken with the negative sign, and introduced by the above rules 
into all the terms where it was found before, a new equation: 
will be produced, differing from the former only in some of the 
signs. Then if the conditions of the question be altered so as 
to correspond with the new equation, it will be consistent, and 
a positive value will be obtained for the unknown quantity. The 
new value of the unknown quantity however will be the same 
as the former, with the exception of the sign. Therefore, 
when once we are accustomed to interpret th kind of results, _ 


it will be unnecessary to go through the ae a second 


wr 


time. 


The following examples are intended to exercise the leamer 
in interpreting these results. 


1. A father is 55 years old, and his son is 16. In how many : 
years will the son be one fourth as old as the father? 


Let # = the number of years. 


te 
16 + [— . 
6 4+42=55+2 
ie. 32 = 55 —64=—=—9 
wail z= — 3 
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‘Here x has a negative value, consequently it entered into the 


equation with the wrong sign. Putting now — a instead of # 
' into the equation, it becomes 
55 — Z. 
m 16 —z:=>= 
; 4 


This shows that something must be subtracted from the pres- 
ent age; that is, the som was a fourth as old as the father 
_ some years before. 
|. This equation gives 
| &: oS 3t 
Therefore he was one fourth part as old 3 years before, when 
father was 52, and the son 13. 


A man when he was married was 45 years old, and his wife 
How many years before, was he twice as old as she? 


‘ SOR Ae eal 


“= — 5. 


There | is a wrong supposition in this question. Putting — # 


= the equation it “becomes 


= ae " 


This shows that she was not half as old as he when they were 


married, but that it was to happen 5 years afterward, when the — 


man was 50, and the wife 25. 


43, A laborer wrought for a man 15 dogs. and had his wife afi . 


son with him the first 9 days, and received $14.25. He after- 
wards wrought 12 days, having his wife and son with him 5 days, 
and received $13.50. How much did he receive per day him- 
self, and how much for his wife and son? 


4. A laborer wrought for a man 11 days, and had his wife 
with him 4 days at an expense, and received $17.82. He 
afterwards wrought 23 days, having his wife with him 13 days, 
and received $33.78. How much did he receive per day for 

himself, and low much did he pay per day for his wife ? 
ae, 


bak i 


WE A” 


J 


ast 


ny its value will be 2? 
pe 
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5. A laborer wrought for a gentleman 7 days, having his wife 
with him -4 days, and his son 3 days, and received $7.89. At 
“another time he wrought 10 days, having his wife with him 7 
days, and his son 5 days, and received $11.65. At a third 
time he wrought 8 days, having his wife with him 5 days, and 
his son 8 days, and recewed $7.54. How much did he re- 
ceive per day himself, and how much for his wife and son seve- 


rally? 


6. What number is that, whose fourth part exceeds its third 
part by 16? 


_- == — 16 hs 
i as Mg 
f t ==—— 192; 
The question as it was proposed involves some contradiction — 
Putting in — gz it becomes. a 
Bi oH ° 3 
— —_ = — — + 16 
Wek 
Changing all the signs 
de eradicu 1 oe : 4 
CS a9 2% 


This shows that the question should have be 
What number is that, whose third part exc 


by 16? oe 


7. What number is that, 4; of which exceeds 3 of it by 18? ‘ 


: 2 Sp 
8. What fraction is that, to the numerator of which if 1 be” 
added, its value will be 3, but if 1 be added to its denominator, 


9. What fraction is that, from the numerator of which, if 2 — 
be subtracted, its value will be 34, but if 2 be subtracted from its 
dencminator, its value will be 4? | oe 


10. It is required to divide the number 20 into two. 
parts, thatif the larger be multiplied by 3, and the smaller | 
the sum of the products will be 125. 
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_ 11. It is required to find two numbers whose sum is 25, 
and such that if the lar ger be multiplied by 7, and the ‘smaller 
by 5, the sum of uel products shall be 215. 
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. It was observed above, that when the dividend and the divisor 
were different powers of the same letter, division is performed by 
subtracting the exponent of the divisor from that of the dividend: 
thus 


Hs = q'— — at 
a 5 Set 
Now — =1. By the.above principle = = ag a5 théte- 
Ft bo a5 1 < 
atb. Z ‘ 
= (a Be 
init, rease c e 
aoe (=~ Db) rae / 1, 
That i Is) any ‘quantity Bee zero for its exponent, is equal to 1. 
of a a at at 
end 
=, : 


a 37 Bc a A i : im 1 2 
ence It appears that a has the same value as — , and a~* 
Mi, & 3 


2 ; & 
ue as 5 a, a5. 0,1, —, Ban, 
or 4 “+B a’ 


nts ma y be used for compound quantities as well. as. 
on and division may be _performed on those which 
and subtracting the exponents. © 


1] 


4 wep 
EF. Divide = bys vere Pas 


: : i) ate y ‘= me oF a 
Or thus, to divide 3a@c¢— by c’, is the same as. 
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- On this principle the denominator of a fraction, or any factor 
of the denominator may be written in the numerator by giving its” 
exponent the sign —. This mode of. notation is often very 


convenient; I shall therefore give a few examples of its applica- 
tion. Sicthab sig le lcd I ce ia ce a. igang 
2 a 2a 
SS Ss SS Aba ae = 
Be hg eee c 3 ao a 
1. Multiply — by Bec. 
oo peg ) 
, Din fs 9 2 
By the common rule oe SD? eae Ze vee = oe b : 
Ber en bc? c 


By the principle explained above, 
Q2ab—e X Be = Qab Fett =VaPet = Ese sae 
S Mee 


2. Multiply 3a cc? d~ by OO ead 
8. Multiply 5 a e—* by 2ac’. 


13dd. | as 
4. Multipl Ec DY, cece nes 
UY ae oat vy ac eZ 
5. Multiply 2a (b-+-d)~* by “3a (bd). 
3a) 


6. Multiply 3 
c 


__ 34) py 3a 
Gara) °° Cae 


By the common method —- + ¢? = ne : 
; c c 


By the above method 8 ac + = Sac = 
epset ia gun 


a 
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Sere RSS oe te Oe te F 
8 Divide ie ee ’ 
| ge rae eae 

2 be PY cd y red 2S 
fe se Sa ev d= and. — —4ec%d-".. 4 
22 Ae ac . meee =4ec%d ws 
~ Sactd x 4ecd = 124 cde = a 
. x God 
| 9a 3d 
LO. Divide =— | jby -.———; 
Se op era . 
Qacd—' + 3ba cd a 


ao edt 6c eee eee. 2a 


: 3 3 3b : 

\ gies ; 
In this example the exponents to be subtracted had the sign § 
=, in subtracting was changed to +-. or ee 


t . re 
eae ee a ae 
peer 3 (b¢—d)? i. oe 
Po 4gh A be 20)" 
"3c(b—2e" 9 dao - 
* 45 a (bc — 2)? _ 2 
ee 
5a°(17b+ 3d) 
hoo ee 
y “4 (a— 5) 
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question has been resolved generally, that is, by rep- 
he known quantities by letters, we sometimes propose 
what values the unknown quantities will take, fo: 
ppositions made upon the known quantities. ‘e ; 


s : ae - a ae 
ae a. os 
194 ‘gs _ Algebra. s ee XXXVI. 4 


The two following questions offer nearly all. the circumstances 
that can ever occur in equations of the first degree. 


A ar B 


3 Two couriers set out at the same time from the points A and B, 
distant from each other a number m of miles, and tr avel towards 
each other until they meet. The courier who sets out from the 
4 point A, travels at the rate of a miles per hour; the other travels 
at the rate of 6 miles per hour. At what disfanee from the points 

A and B will they meet? © 

Suppose € to be the point, and 

1 Let « = the distance A C 
and y = the distance B C 
For the first equation we have 
: 2 Cap ofa AB Sem 
. Since the first courier travels x miles, at the rate of a miles ‘asl 


& 


per - hour, he will be hours: uport the road. The second « 
a ae 


. 


rletgpill bet hours upon the road. But they 1 


therefore, 


Since neither of the quantities in these values of 
the sign —, it is impossible for either value . 


\ ea ie hs ate ’ : 
= —" i a | 
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tive. Therefore whatever numbers may be put in place of a, 6, 
and m, they will give an answer according to the conditions of 
the question. In fact, since they travel towards each other, 
whatever be the distance of the places, and-at whatever rate they 
‘travel, ey must necessarily meet. 


Suppose now that the two couriers setting out from the points 
A and B: situated as before, both travel in the same direction 
towards D, at the same rates as before. At what distances from 
the points A-and B will the place of their meeting, CG, be? 


| Bence B Cc. D 

| Let z = the distance from A to C, 

and y = Sg B to C, 
e—y=AC—BC=AB=™m. 

The second equation expressing only. the equality of the time 


) equations as before, Te 


he’ values of « and y will not be positive unless a 1s 
1a an 2b; that is, unless the courier, that sets out from A 


Pie 
bd. * . 
a a 
ay—by=bm * 
lm I 
a eee : 
a bm 5 ath am 


os a - a 
<i ka = 4 
a e 
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Then = 1 BM pias BMP gees i ee 
8 —4 Bae 4 7 
a bigest ML M3, 
} ae ae ee | 
In this case the point C, where they « come wget, is distant 
from A twice the distance ‘A BS é ¢ 


Suppose a smaller than beens a, Ae ihe 
@s 4nd bee ee 


Here the wales of x aa y are both negative; hence there 

- 4s some absurdity in the enunciation of the question for 

~ numbers. In fact, it is impossible that the courier setting 

from A, and travelling slower than the other should over 
© 


us put x and y negative in the two equa 
ee their signs. 


~ They become —a«ty=m 
= ee yr Sm 
| d J 4. 
ms a b 


The second equation is not affected by changing the 
» and it ought not to be so, since it expresses only the equal 
_ the times. * ern 
The first equation becomes y—r=m, iss 
__==m, which shows that the point where. they: : 
" "nearer to A than to B, by the distance from A 
_ therefore be on the other side of A, asat BE. 


BE. gt: A B . Cc 8 


ee ceeccccese 
Me os 
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The enunciation of the question may be changed in two ways 
so as io answer the conditions of this equation. 

First, we may suppose, that the couriers, setting out from A 
and B, instead of going towards D, go in the ae direction, 
the one from A at 4 miles per hour, and the other from B at 8 
miles per hour; at what distance from the points A and B is the 
point E, where they come together? 

Or we may suppose that two couriers setting out from the 
same place E, one travelling at the rate of 4 miles, and the other 
8 per hour, axe arrived at the same time at the points A and B, 
which are m miles asunder. What distance are the points A and 
B from E? : 


Suppose ab 
Then | a ee oh 
a—b a—a 0 
eee. bm __ am 
ae, rns ae 0 


_ How is this result to be interpreted? 

- Observe that in this case a and b being equal, the two couriers 
travel equally fast, it is therefore impossible that one should ever 
overtake the other, however far they may travel in either direc- 
_ tion, and no change in the conditions can make it possible. Zero 
being divisor, then, is a sign of impossibility. 

_We may observe that when there is any difference, however 
- small, between @ and 8, the values of x and y will be real, and 

“the couriers will come together in: one direction or the other; 
and the smaller the difference, the greater will be the distance 
travelled before they come together; that is, the greater will be 
; the values of x and y. 


supose a=5andb=—=4, a—b=—1, 
5m 
th eo = SS 5 hg ee 
“then 1 ne aaa 


Again, Suppose a = 5, and b= 4°5,a— beers, 


— 
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Again, Suppose a = 5, and b = 4-98, a — b= -02, 


5m 4:98 ™ 
then Ranier = 250 m, and y = ane = 249 m 


Again, Suppose a = 5 and b= 4-998, a— b=: 002, 


then : ES —= 9500 m. 
- 002 
4-998 m 
d ee eS 94.99). 
ae Y= 002 = 


Here observe, that as the difference between a and b becomes 
very small, the values of z and y become very large, and the 
difference between them is always m. Hence, since the smailer 
the divisor the larger the quotient, we may conclude, that when 
the divisor is actually zero, the quotient must be infinite. From 


: : : = ine 
this consideration, mathematicians have called the expresssion e 


that is, a quantity divided by zero, a symbol of infinity, They _ 


therefore say, that, both couriers travelling equally fast, the dis- 


tance, travelled before they come together, is infinite, But as. 


infinity is an impossible quantity, I prefer the term impossible, as 
being a term more easily comprehended. I shall therefore call 
> a symbol of impossibility. ae 


If a quantity be divided by an infinite or ee quantity, 
the quotient will be zero. if 2 be divided by & at it ffoites. = 
“ae 


= 


0) 


Multiply both numerator and denominator by 0, it becomes 


lr es == 0. In fact, since the larger the divisor, the smaller 


the quotient, the dividend remaining the same, it follows that 


if the divisor surpasses any assignable quantity, the quotient 


must be smaller than an assignable quantity, or nothing. 


One case more deserves our notice. It is when a=} an 
-m == 0: in which case we have * 


ihe 
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niles: 3——eantions of OKO. +0 
oe ie | 0 
bm bx0 0 
a a ee) 
if we return to the equations themselves, they become 
o—y— 8 . 
ee: 
a a 


From the first we have 


ip ee ity 
| Substituting this value in the second 
| Oe 
a a 


This last equation has both its members alike, and is sometimes _. 
called an identical equation. The values of the unknown quanti- 
ties cannot be determined from it. In fact, since m is zero, both 
couriers set out from the same point. And since they both travel ~ 
at the same rate, they are always together. Therefore there is 
_ no point where they can be said to come together. The expres- 


sion i is here an expression-of an indeterminate quantity. 


There are some cases where an expression of this kind is not 
a sign of an indeterminate quantity, but in these cases it arises 
from a factor being common to the numerator and denominator, 
which by some suppositions becomes zero, and renders the frac- 


tion of the form of “ ; but being freed from that factor, it has a 
determinate value. _ ; 
“The following expression is an example of it. 
a (a — 0’) 
; b(a—b) 


& ra , 
aes = : : 0 
Woe a= b, this expression becomes i But both numera- 
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tor and denominator contain the factor a — b, which becomes 
zero when a and b are equal. 


Dividing by a — b, the expression becomes 
a(a + b) . 
which is equal to 2 a when @== b. 
It is necessary then, when we find an expression of the form 
—, before pronouncing it an indeterminate quantity, to see if 


there is not a factor, common to the numerator and denominator, 
which, becoming zero, renders the expression of this form. 


The example of the couriers furnishes some other curious 


cases, for which we must refer the learner to Lacroix’s or Bour- 
don’s Algebra. z 


Let the learner examine the following examples in a similar 
manner 


In Art. IX. examples 15 and 16, the following formulas, relat- 
ing to interest, were obtained. How are rand f to be interpreted, 
when p is greater than a; and how when a and p are equal? 


rose A t= ee . 
tp rp 
In Art. XXII. examples 12th and 13th, the following formulas 
were obtained. In what éases will the bese become negative, 
and how are the negative results to be interpreted? 


ay ten | 
mq—np ie 
an (p+ 4) 

mq—np) 

13th. Numerator ap (m-- n) 

an (p+ q) 

np—mgq — 


12th. Numerator | 


Denominator 


Denominator 
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_, It is required to divide-a given number a into two-such parts, 
li that if r times one part be added to s times the other part, the 
| sum will bea given number 6. 


Ans. The part to be multiplied by. r is cas ge : 
a Pa So 
ar—b 


=="S 


and the part to be multiplied by s is 


__In what cases will one or both of these results bé negative? 
Can both be negative at the same time? How are the negative 
-results to be interpreted? In. what cases will either of them be- 
come zero? Can both become zero at the same time? What is 
to be understood when one or both become zero? In what cases, 


will one or both become infinite or impossible? Can either of 


them ever be of the form = 


XXVII. Equations of the Second Degree. 


1. A boy being asked how many chickens be had, answered, 
that if the number were multiplied by four times itself, the pro- 
duct would be 256. How many had he? 


Let « = the number, 

then 4 + = four times the number. 

‘ : ALT a= 4 x? 
By the conditions: 42” == 256 

| x? = 64 
That is Lo 64. 


This equation is essentially different from any which we have 
hitherto seen. 
| 
| 


It is called an equation of the second degree, because it con- 
tains x’, or the second power of the unknown quantity. In order 
to find the value of x, it is necessary to find what number, .mult- 
plied by itself, will produce 64. We know immediately by the 

* table of Pythagoras that 8 K 8 = 64. Therefore 
: ‘ oie, Ans. 8 chickens. 


ote Note. The results of these equations may be proved like those 
/ of the first degree. 


=. a 
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2. A boy being asked bi age, answered, that if it were multi- 
plied by. itself, and from th product 37 were subtracted, and the 
remainder multiplied by his age, the. pagduat would be 12 ines 
his age. What was his age? 

OT Ge a ees bo snes = 372. 

By the conditions | 

: 2 — 375 = 12 az. 


Dividing. by x, 


e337 S= 12 
win AO 
c= 7 Ans. 7 years. 


3. There are two numbers in the proportion of 5 to 4, and 
the difference of whose second powers is 9. What are the num- 
bers? 


Let « = the larger number, 


then = == the smaller. 


. 2 
The second power of oe: Mg 
5 25 
2 
By the conditions 2? — 2e oe 


4. There are two numbers whose sum is to the less in the 
proportion of 15 to 4, and whose sum multiplied by the less pp 
duces 135. ~What are the numbers? 

Let x = the less, and y = the greater. 

Then @-+- y = = 


and x (x + y) = 135. 
The second gives y == 
Putting this value of y into the first, it becomes 


135 — 2’ 15 . 
ei ie seins &e. ; 
x 4 


— = - 
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Hence it appears, that when an example involves the second 


_ power of the unknown quantity, the value of the second power 


~ must first be found in the same manner as the unknown quantity 
is found in simple equations; and from the value of the second 
power, the value of the first power is derived. 

It is easy to find the second power of any quantity, when the 
first power is known, because it is done by multiplication; but it 
is not so easy to find the first power from the second. It cannot 
be done by division, because there is no divisor given. When 
_ the number is the second power of a small number, the first pow- 
er is easily found by trial, as in the above examples. When the 
number is large, it is still found by trial; but a rule may be very 
easily found, by which the number of trials will be reduced to 
very few. The first power is called the root of the second pow- 
er, and when it is required to find the first power from the second, 
the process is called extracting the root. 

It has been shown, Art. XXIV. that the second power of 
every quantity, whether positive or negative, is necessarily. posi- 
_ tive; thus 3 XK 3=-+ 9, and also — 3 X —3=-+9.. So 
aX a=’, and also —a X —a=a’. Hence every second 
power, properly speaking, has two roots, the one positive and 
the other negative. The conditions of the question will gene- 
rally show which is the true answer. 


XXVIII. Extraction of the Second Root. 


In order to find a rule for extracting the root, or finding the 
first power from the second, it will be necessary, first, to observe 
how the second power is formed from the first. 


Let a = 20 and b =7; then a -+ b= 27. 
The second power of a + b is 
(a+ 6) (a+b) =¢+2ab+P 
a’ == 20 X 20 = 400 
ab == 20K? '7' == 140 


Ur ON cae, =e 40) 
7+ 2ab+l? = 729. 
12 
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The product is formed in precisely the same manner in the 
usual mode of multiplication, as may be seen, if the products are 
written down as they are formed, without carrying. 


27 


129 


Here we observe, 7 times 7 is 49, 7 times 20 is 140, 20 
times 7 is 140, and lastly 20. times 20 is 400... These added 
together make 729, which is the second power of 27. 


We observe, 

1st. When the root or first power consists of two figures, the 
second power consists of the second power of the tens, plus the 
product of twice the tens by the units, plus the second power of 
the units. 

2d. The second power of 9, the largest number consisting of 
one figure, is 81; and the second power of {0, the smallest num- 
ber consisting of two places, is 100; and the second power of 
100, the smallest number consisting of three places, is 10000. 
Hence, when the root consists of one figure, the second power 


cannot exceed two figures; and when the root consists of two’ 


figures, the second power consists of not less than three figures, 
nor more than four figures. : ah 

From these remarks it appears, that we must first endeavor to 
find the second power of the tens, and that it will be found among 
the hundreds and thousands. 

Let it be required to find the root of 729. This number con- 
tams hundreds, therefore the root will contain tens. The se- 
cond power of the tens is contained in the 700. 20 X 20 is 
400, and 30 X 380 is 900. 400 is the greatest second power 
of tens contained in 700. The root of 400 is 20. Subtract 
400 from 729, and the remainder is 329. This must contain 
2ab + Bb’, that is, the product of twice the tens by the units, 
plus the second power of the units. If_it contained exactly the 


@ 


rig 
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product 2a b of twice the tens by the units, the units of the root 
would be found by dividing 329 by twice 20, or 40; for 2a6 
divided by 2a gives b. As it is, if we divide by twice 20 or 
40, we shall obtain a quetient either exact, or too large by 1 or 
2. 40 is contained in 329, 8 times. Write 8 in the root and 
raise the whole to the second power. 28 X 28== 784, which 
is larger than 729. Next try 7 in the place of 8. 27 K 27 = 
729. Therefore 7 is right, and 27 is the root required. 


The operation may stand as follows. 


729 (20 + 7 = 27 root. 
400 
329 (40 divisor. 
Be 26 = 
What is the root of 1849? 


18,49 (40 + 3 = 43 root. 
- 16,00 


249 (80 divisor. 
43 X 43 = 1849. 


In this example, the second power of the tens will be found in 
the 1800. 30 * 30 = 900; 40 x 40 = 1600; 50 X 50 = 
2500. The greatest second power in 1800 is 1600, the root of 
which is 40. Write 40 in the place of a quotient. Subtract 
1600 from 1629. The remainder is 249, which divided by 
twice 40, or 80, gives 3. Add 3 to the root, and raise the 
whole to the second power. 43 X 43 = 1849. Therefore 
43 is the root required. . 

It is evident that the result will not be affected, if instead of 
writing 40 in the root at first, we omit the zero, and then sub- 
tract the second power of 4, viz. 16 from the 18, omitting ‘the 
two zeros which come under the other period. Then to form 
the divisor, the 4 may be doubled, and the divisor will be 8 in- 
stead of 80, and the dividend must be 24, the right hand figure 


being rejected. 
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18,49 (43 root. 
16 


Dividend = 24,9 (8 divisor. 
43 X 43 = 18 49. 


Examples. 


. What is the root of 1444? Ans. 38. 
. What is the root of 7396? 
. What is the root of 361? 
. What is the root of 3249? 
. What is the root of 7921? 
. What is the root of 8281? 
The second ‘power of a-+ b+ ¢, or (a+ b i c) (a+b as “, 
s@+2ab64+0 + 2ac+2be+ = ......... 
@+2ab4+0+2 (a+b) c-+ e. 
To find the second power of 726 
= Let a== 700, b= 20, and c— 6. 


Oomb too & . 


a = 700 x 700. — 490000 
2ab—= 2 X 700X 20 — 28000 
es 20 X 20 5). ABO 
2(a-+b)c—=2 x (700420) X6 —= 8640 
pes 6x6 =. 36m 
527076 
726 | 
726 
4356 
1452 
5082 


527076 
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The first three terms of the formula, viz: 


a+ 2ab-+ 0’, 


are the second power of a+ b or of the hundreds and tens, viz. 
720. The second power of 720 can have no significant figure 
below hundreds, and the significant figures of the second power 
of 720 and of 72 are the same; the former is 518400, the latter 
5184. If from the whole number 527076 the two right hand 
figures be rejected, the number is 5270. This contains the 
second power of 72 and something more, viz. a part of the 
product 2 x (700 + 20) X 6=2 (a+b) c. 

The method of procedure then, is to find the largest root con- 
tained in 5270. ‘The first three terms of the above formula, viz. 
a + 2ab + 08’, show, that this is to be found by the method 
given above for finding a root consisting of two figures. 


52,70 (72 
49 


37,0 (14 
72 X 72 = 51,84 


86 i’ 


The root is 72, and the remainder is 86. Annex to this the 
two figures rejected above, and it becomes 8676. This contains 


2 (a +b) ¢ + c’; that is, 
2720 KX e+ c% 
If 8676 be divided by 2 * 720 = 1440, the quotient will be 
either ¢ or a number larger by 1 or 2. The zero on the right 
of 1440, and the right hand figure in the dividend may be omitted 


without affecting the quotient. The quotient is 6. Put 6 into 
the root and raise the whole to the second power. 


726 X 726. 527076 
12* 
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Operation. 


52,70,76 (726 = root. 
49 


Ist dividend | 37,0 (14 = Ist divisor. 
G2. FT 2==— SSA 


2d dividend = © 867,6 (144 = 2d divisor. 
726. X<. 726==-527,076. 


There is, however, a method, which will save considerable 
labor in multiplying. 

In the last example, for instance, having found the second 
figure of the root 2, instead of raising the whole 72 to the second 
power, we may abridge it very much by observing, that the 
second power of the 70, answering to. a in the formula, has 
already been found and subtracted; therefore it only remains to 
find 2ab + b’, and subtract it also. But the 140 is 2a, and 
the figure 2 found for the root answers to b; therefore if we add 
2 to 140, it becomes 142 =2a-+ b.. If this be now multi- 
plied by 2 or b, it becomes 


2X 142 = 284 = 2ab+ Br 


This completes the second power of 72, which, subtracted from 
370, leaves 86 as before. 

Prepare as before, and find the third figure of the root. Ob- 
serve that the 2d power of 720 or a* + 2ab + b* has already 
been found and subtracted; it only remains to find the other parts, 
viz. 2 (a+ b)e+c*. The divisor 1440 answers to 2(a-+ b). 
Add 6, the figure of the root just found, to this, and it becomes 
1446, answering to 2 (a+ b) +c. if this be multiplied by 6, 
it becomes 1446 X 6== 8676 = 2 (a+b) ¢+c*. This com- 


-pletes the second power of 726, which, subtracted from 8676, 


the number remaining in the work, leaves nothing. 
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Operation. 
52,70,76, (726 root. 
49 


'» Ast dividend 370 14. ~ Ist: divisor. 
284 142 Ist multiplicand. 


@d dividend 8676 144 2d divisor 
8676 1446 2d multiplicand. 


00 


The same principle will apply when the root consists of any 
number of figures whatever. 

What is the root of 533837732164? 

In the first place I observe that the second power of the tens 
can have no significant figure below hundreds, therefore the two 
sight hand figures maybe’ rejected for the present. Also the 
“second power of the hundreds can have no significant figure 
below tens of thousands, therefore the next two may be rejected. 
For a similar reason the next two may be rejected. In this 
manner they may all be rejected two by two until only one or 
two remain. Begin by finding the root of these, and proceed as 
above. 


Operation. 


53,38,37,73,21,64 (730642 
49 

43,8 (143 

429 


93,7 (1460 


9377,3 (14606 
8763 6 


61372,1 (146124 
584 49 6 


29 22 564 (1461282 
29 22 564. 
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After separating the figures two by two, as explained above, I 
find the greatest second power in the left hand division. It is 
49, the root of which is 7. I subtract 49 from. 53, and bring 
down the next two figures, which makes 438. Now considering 
the 7 as tens, I proceed as if I were finding the root of 5338; 
that is, I double the 7, which makes 14 for a divisor, and see 
how many times it is contained in 43, rejecting the 8 on the 
right. I find 3 times. I write 3. in the root at the right of 
7, and also at the right of 14. I multiply 143 by 3, and subtract 
the product from 438. —I then bring down the next two figures, 
which make 937. I double 73, or, which is the same thing, I 
double the 3 in 148; for the 7 was doubled to find 14. This 
gives 146 for a divisor. I seek how many times 146 is con- 
tained in 93, rejecting the 7 on the right, as before. I find it is 
not contained at all. I write zero in the root, and also at. the 
right of 146. I then bring down the next two figures. I seek 
how many times 1460 is contained in 9377, rejecting the 3 on 
the right. I find 6 times. I write 6.in the root, and at the right 
of 1460, and multiply 14606 by 6, and subtract the product from 
93773. I then bring down the next two figures, and double the 
right hand figure of the last multiplicand, and proceed as before; 
and so on, til all the figures are brought down. The doubling 
of the right band figure of the last multiplicand, is always equiv- 
alent to doubling the root as far as it is found. 


From the above examples, we derive the following rule for 
extracting the second root. 


Ist. Beginning at the right, separate the number into parts of 
two figures each. The left hand part may consist of one or two 
figures. 

2d. Hind the greatest second power in the left hand part, and 
write tis root as a quotient in division Subtract the second pow- 
er from the left hand part. 


3d. Bring down the two neat figures at the right of the re- 
mainder. Double the root already found for a divisor. See 
how many times the divisor is contained in the dividend rejecting 
the right hand figure. Write the result in the root, at the right 
of the figure previously found, and also at the right of the divisor. 


4th. Multiply the divisor, thus augmented, by the last figure 
of the root, and subtract the product from the whole dividend. 
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5th. Bring down the next two figures as before, to form @ new 
dividend, and double the root already found, for a divisor, and 
proceed as before. The root will.be doubled, if the right hand 
figure of the last divisor be doubled. 


If it happens that the divisor is not contained in the dividend 
when the right hand figure is rejected, a zero must be written 
in the root, and also at the right of the divisor; and the next 
figures must be brought down, and then a new trial made.- 

If it happens that the figure annexed to the root is too small, 
it may. be discovered as follows. 


The second.power of a+ 1 is a +2a+41. 


That is, if we have the second power of any number, the 
second power of a number larger by 1, is found by multiplying 
the first number by 2, increasing the product by 1, and adding it 
to the power. For example, the second power of 10 is 100; 
the second power of 11 is 100 + 2 X 10 +1121. The 
second power of 12 is 121 +2 X 11 + 1 = 144, &c. 

If then the remainder, after subtraction, is equal to twice the 
root already found plus 1, or greater, the last figure of the root 
must be increased by 1. 

To the last example, the first dividend was 43,8 and the divi- 
sor 14; the figure put in the root was 3, and the remainder was 
9. If 2 instead of 3 had been put in the root, the remainder 
would have been 154, which is considerably larger than twice 
72, and would have shown, that the figure should be 3 instead o1 
2. 

There are many numbers, of which the root cannot be exactly 
assigned in whole or mixed numbers. Thus 2, 3, 5, 6, 7, have 
no assignable roots. That is, no number can be found, which, 
multiplied into itself, shall produce either of these numbers. 
This is the case with all whole numbers, which have not an ex- 
act root in whole numbers. 

This may be proved, but the demonstration is so difficult, that 
few learners would comprehend it at this stage of their progress. 
The proof may be found in Lacroix’s Algebra. The learner, 
however, may easily satisfy himself by trial. We shall soon 
find a method of approximating the roots of these numbers, suffi- 
ciently near for all purposes. 
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XXIX. Extraction of the second Root of Fractions. 


Fractions are multiplied together by multiplying their nume- 
rators together, and their denominators together. Hence the 
second power of a fraction is found by multiplying the nume- 
rator into itself, and the denominator into itself; thus the second 

: G5 40 a 
power of 3is 3 X 3== 3. The second power of = wee x r3 
a wanes j 
oe Hence the root of a fraction is found by extracting the 
root of the numerator, and of the denominator; thus the root of 
Soiuis 5: , 

If either the numerator or denominator has no exact root, the 
root of the fraction cannot be found exactly. Thus the root of 
8 is between £ andor 1. It is nearest to &. 

The denominator of a fraction may always be rendered a per- 
fect second power, so that its root may be found; and for the 
numerator, the number which is nearest to the root must be 
taken. Suppose it is required to find the root of 2. If both 
terms of the fraction be multiplied by 5, the value of the fraction 
will not be altered, and the denominator will be a perfect second 


power, 


If it is necessary to have the root more exactly; after the frac- 
tion has been prepared by multiplying both its terms by the 
denominator, we may again’ multiply both its terms by some 
number that is a perfect second power. The larger this number, 
the more exact the result will generally be. 

Sao © 4 

If both terms be multiplied by 144, which is the second power 
of 12, it becomes 338°, the root of which is nearest to48. This 
is the true root within less than 2. 

We may approximate in this way the roots of whole numbers, 
whose roots cannot be exactly assigned. 

If it is required’to find the root of 2, we may change it to a 
fraction, whose denominator is a perfect second power. 


= ee 
144 ° 
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The root of 282 is nearest to 3 = 1,5, . This differs from the 


true root by a quantity less than 7. If greater exactness 1s re- 
quired, a number larger than 144-may be used. 
1. What is the root of fre Ans. 3. 
. ‘What is the root of 144? 5 
. What is the root of 13122 — 5829? 
What is the root of 28 331? 
. What is the approximate root of 8? 
. What is the approximate root of 38? 
. What is the approximate root of 32? 
- What is the approximate root of 173? 
. What is the approximate root of 3? 
What is the approximate root of 7? 
11. What is the approximate root of 417? 


f BSS) 


oot R oO Pf OO 


i" 
= 


The most convenient numbers to multiply by, m order to 
approximate the root more nearly, aré the second powers of 10, 
100, 1000, &c., which are 109, 10000, 1000000; &c. By this 
means, the results will be in decimals. 

To find the root of 2 for instance, first reduce it to hun- 
dredths. 


== 299, the approximate root of which is 34 = 1.4. 


Again 2 == 209, the approximate root of which is #43 == 1.41. 

Again, 2 = 2900009 , the approximate root of which is {3% = 
1:414. 

In. this way we may approximate the root with sufficient ac- 
curacy for every purpose. But we may observe, that at every 
approximation, two more zeros are annexed to the number. In 
fact, if one zero is annexed to the root, there must be two an- 
nexed to its power; for the second power of 10 is 100, that of 
100 is 10000, &c. 

This enables us to approximate the root by decimals, and 
we may annex the zeros as we proceed in the work, always 
annexing two zeros for each new figure to be found in the root, 
in the same manner as two figures are brought down in whole 


numbers. 


= *, < er _ ~~ om a * 


144 oe tunaytiive, _ 
"The root of 2 then may be found as follows. 


2 (1.41421, &e. root. 
I 


10,0 (24 
96 


40,0 (281 
28 


11.90,0 (2894 
11.29 6 : 


~ 60 40,0 coe 


56 56 4 


3 83 60,0 (282943 
~.. 992841 


100759 
12. What is the approximate root of 25? 
13. What is the approximate root of 243? 
14. What is the approximate root of 27068? 


15. What is the approximate root: of 2433? 


— — W4SSTHO —— 245375000 
2455 243 Mh = TB — WBS, Sec. 


The. approximate root of which is 's° == 15.6, &c. 


- But it is plain that this may be performed in the ; sea manner 
as the above. For if the number 243375000 be Baste in the 
usual way, it stands thus; 2,43,37,50, 00. Now 


24978000 —- 943, 375000. 


If we take this number and begin at the units and point chal: 
the left, and then towards the right im the same manner, the num- 
ber will be separated into the same parts, viz. 2,43.37,50,00. 
The root of this eereriset may be extracted in the usual way, and 


rS 
‘imal places by annexing Zeros. 


————_—— 


» ‘Bae 
* » 


# 
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N. B. The decimal point must be placed in the root, be- 
fore the first two decimals are used. Or the root must con- 
tain one half as many decimal places as the power, counting 
the zeros which are annexed. 


16. What is the approximate root of 213.53? 
17. What is the approximate root of 7262 f 
18. What is the approximate root of 17%; 

19. What is the approximate root of 3114 4 
20. Whiat is the approximate root of 2 ? 

21. What is the approximate root of 2° 

22. What is the approximate root of tia! 
23. What is the “Pie root of +753? 


XXX. Questions producing pure Equations of the Second 


egree. 


1. A mercer bought a piece of silk for £16. 4s.; and the 
number of shillings which he paid per yard, was to the number 
of yards, as 4 to 9. How many yards did he buy, and what 
was the price of a yard ? 


Let « = the numoer of shillings he paid per yard. 


Then 2” — the number of yards, 
4 
The price of the whole will be 2% = 324 shillings. 
. 
a”? = 144 
1g 
Qe — 97, 
4 


Ans, 27 yards, at 12s. per yard. 


army was marching in regular co- 
jumn, with 5 inen more in d th than in front; but upon the 
enemy coming in sight, ’ f was increased by 845 men ; 
and by this movement th nt was drawn up in 5 lines. 
Required the number of me . 

13 
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Lae the number in front ; 

then v + 5 = the number in depth ; 
x + 5 = the whole number of men. 
Again w + 845 = the number in front after the movement ; 
And 5 w + 4225 = the zpole number. 


wt 5a 5a + 4225 
a? = 4225 


The number of men = 5 x + 4225 = 4550. 


3. A piece of land containing 160 square rods, is called an 


acre of land. If it were squarel™ wpa would be the length of 
one of its sides? 


Let z = one side. 


a” = 160 
x == 12.649 + 


» Ans. The side is 12.649 + rods. It cannot be found exactly, 
because 160 is not an exact 2d power. 


10v0 


This is exact within less than ;j;; of arod. It might be 
carried to a greater degree of exactness if necessary. 


4. What is the side of a square field, containing 17 acres ? 


5. There is a field 144 rods long and 81 rods wide; what . 
would be the side of a square field, whose content is the same ? 


2 
6. A man wishes to make a cistern that shall contain 100 
gallons, or 23100 cubic inches, the bottom of which shall be 
square, and the height 3 feet. What must be the length of 
one side of the bottom ° 


7. A certain sum of money was divided every week among 
the resident members of a corporation. It happened one week 
that the number resident was the root of the number of dollars 
to be divided. Two men however coming into residence the 
week after, diminished the div lend of each of the former indi- 
viduals 11 dollars. Wha: he sum to be divided ?» 


Let « = the number of to be divided ; 
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then ze = the number of men resident, and also te sum 
each received. 

The root of @ is properly expressed by the fractional index 
%- For it has been observed, that when the same letter is 
found in two quantities which are to be multiplied together, 
the multiplication is performed, as respects that letter, by 
adding the exponents. Thusa xX a=a't!=0a°; 2 x #& 
=a? t* = a*, &c. Applying the same rule; if a? represents 
a root or first power, the second power or eo x en xe ra 3 
=e OTe: . 

The second power of a letter is formed from the first by 
multiplying its exponent by 2, because that is the same as 
adding the exponent to itself. Thus a? SO ee oa 


> 


=a’. This furnishes us with a simple rule to find the root of 
a literal quantity; which is, to divide its exponent by 2. 


Thus the root of a? isa? =a’ ; the root of at = a? = a’; the 
- root of a is a? = a &e. By the same rule, the root of a’ is 
oP the root of a? is a? ; the root of a’ is iw? the root of @ 
is az, &e. 

In the above example 


x = the number of dollars to be divided ; 


and at = the number of men resident ; 


Sh ieapse 


& —@ 2® — y* =the number of dollars each received, 
and “¥ 4 
x x 
x + 2 = the number of men the succeeding week ; 
__”. _ = the number of dollars each received the latter week ; 
a? +2 3 


Hence by the conditions 
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at a2 eb i a aes = 2 
Be ‘ 
3 3 
4x 492% eee 
3 
1 
4 2 4 8 
pet 2 = 2 
sii hada 3 
—404 6c =8 
20° —8 
Sed : 


ox i cskgtete =r—4x4= 16. 
; Ans. $16. 


Instead of making x = the number of dollars, we might 
make, 


x* = the number of dollars ; 


then z = the number of men resident, &c. 
Then we have 


3 
= 420—e = 8 M 
Osea ees) 
2S 
tetris at as TAG 


“ins. $16, as before. 
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8. Two men, A and B, lay out some money on speculation, 
A disposes of his bargain for £11, and gains as much per cent, 
as B lays out ; B’s gain is £36, and it appears that A gains 
four times as much per cent. as B. Required the capital of 
each. 


9. There is a rectangular field containing 360 square rods, 
and whose length is to its breadth as 8 to 5. Required the 
length and breadth. 


10. There are two square fields, the larger of which contains 
13941 square rods more than the smaller, and the proportion 
of their sides is as 15 to 8. Required the sides. 


11. There is a rectangular room, the sum of whose length 
and breadth is to their difference as S to 1; if the room were 
a square whose side is equal to the length, it would contain 
128 square feet more than it would, if it were only equal to the 
breadth. Required the length and breadth of the room. 


12. There is a rectangular field, whose length is to its 
breadth in the proportion of 6 to 5. A part of this, equal to 4 
of the whole, being planted, there remain for ploughing 625 
square yards. What are the dimensions of the field ? 


13. A charitable person distributed a certain sum amongst 
some poor men and women, the number of whom were in the 
proportion of 4 to 5. Each man received one third as many 
shillmgs as there were persons relieved ; and each woman re- 
ceived twice as many shillings as there were women more than 
men. The men received all together 19s. more than the wo- 
men. How many were there of each ° 


14. A man purchased a field whose length was to the 
breadth as8to5. The number of dollars paid per acre was 
equal to the number of rods in the length of the field ; and the 
number of dollars given for the whole, was equal to 13 times 
the number of rods round the field. Required the length and 
breadth of the field. 


15. There is a stack of hay whose length is to its breadth as 
5 to 4, and whose height is to its breadth as 7 to 8. It is worth 
as many cents per cubic foot as it is feet in breadth ; and the 
whole is worth, at that rate, 224 times as many cents as there 
are square feet on the bottom. Required the dimensions of 


the stack. 
13-* 


150 Algebra. XXXII. 


16. There is a field containing 108 square rods, and the 
sum of the length and breadth is equal to twice the difference. 
Required the length and breadth. 


17. There are two numbers whose product is 144, and the 
quotient of the greater by the less is 16. What are the num- 
bers ? 


XXXI. Questions producing Pure Equations of the Third 
Degree. ae 


1. A number of boys set out to rob an orchard, each carry- 
ing as many bags as there were boys in all, and each bag ca- 
pable of containing 8 times as many apples as there were boys. 
They filled their bags, and found the whole number of apples 
was 1000. How many boys were there ? _ 


Let x = the number of boys ; 

then 2 X x= 2° = the number of bags; 

and 8x X # = 8 2° = the number of apples. 
By the conditions ‘ 
| 80° = 1000 ie 


e =. 125 
or HE Ae Mamet) BONS . 


In this equation, the unknown quantity is raised to the third 
power; and on: this account is called an equation of the third 
degree. 


In order to find the value of x in this equation, it is necessa- 
ry to find what number multiplied twice by itself will make 125, 
By a few trials we find that 5 is the number ; for 


OK DSO = 195 
therefore == 8. - Ans. 5 boys. 
2. Some gentlemen made an excursion ; and every one took 
the same sum of money. Each gentleman had as many ser- 


vants attending him as there were gentlemen; and the num- 
ber of dollars which each had, was double the number of all 
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the servants ; and the whole sum of money taken out was 
$1458. How many gentlemen were there ? 
f Alns. 9 gentlemen. 


3. A poulterer bought a certain number of fowls. The first 
year each fowl had a number of chickens equal to the original 
number of fowls. He then sold the old ones. The next: year 
each of the young ones had a number of chickens equal to 
once and one half the number which he first bought. The 
whole number of chickens the second year was 768. What 
was the number of fowls purchased at first ? 


It appears that in equations of the third degree, as in those 
of the second degree, the power of the unknown quantity must 
first be separated from the known quantities, and made to stand 
alone in one member of the equation, by the same rules as the 
unknown quantity itself is separated in simple equations. 
When this 1s done, the first power or the root must be found, 
and the work is finished. 


- Extraction of the Third Root. 


The third power of a quantity is easily found by multiplica- 
tion, but to. return from the power to the reot, is not so easy. 
it must be done by trial, in a manner analogous to that em- 

loyed for the root of the second power. 

We shall hereafter have occasion to speak of the root of the 
fourth power, of the fifth power, &c. In order to distinguish 
them the more readily, we shall call the root of the second. 
power, the second root of the quantity ; that of the third power, 
the third root, that of the fourth power, the fourth root, &c. 'T'o 
preserve the analogy, we shall sometimes call the root of the 
first power, the first root. 

-N.B. The first power, and the first root, are the same 
“thing, and the same as the quantity itself. 


It always has been, and is still the practice of mathemati- 
cians, to call the second root the square root, and the third 
root the cube root, and sometimes, though not so universally, 
the fourth root the b2-quadrate root. But as these terms are 
unappropriate, they will not be used in this treatise. 

"When the root consists of but one figure, it must be found 
by trial. When the root consists of more than one place, it 
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must still be found by trial, but rules may be made, which will, 
reduce the number of trials to very few, as has been done 
above for the second root. Bad 2 ia 

In order to find the rules for extracting the third root, it will 
be necessary to observe how the third power is formed from the 
first, when the first consists of several figures. 


Let a = 30 and 6=5; thena+ 6 = 35. 
(a+ bpoead+t3e7b+3al+6*. Art. XII. 


a’? = 30 X 30 x 30 = 27000 
3a@b=. 3% 30x 30x 5. = 13500 
3ab°= 3X 30% 5K 5,-= 2250 

WP = BK BX Sb em 195 

42375 


Hence it appears, that the third power of a number consist- 
ing of units and tens, contains the third power of the tens, 
plus three times the second power of the tens multiplied by the 
units, plus three times the tens multiplied by the second power 
of the units, plus the third power of the units. 

Farther, the third power of 10, which is the smallest number 
with two places, is 1000, which consists of four places; and 
the third power of 100, is 1000000, which consists of seven 
places. Hence the third power of tens will never be Jess than 
1000, nor so much as 1000000. 

If, therefore, there are tens in the root, their power will not 
be found below the fourth place ; and if the root consists of 
tens without units, there will be no significant figure below - 
1000, 

To trace back again the number 42875, the root of the tens 
will be found in the 42000, and this must be found by trial. 


30 X 30 X 30 = 27000, and 40 x 40 x 40 = 64000. 


~The largest third power in 42000 is 27000, the root of which 
is 30. Now ! subtract 27000 from 42875, and the’ remainder 
is 15875, which contains the product of three times the second 
power of tne tens by the units, plus, &c. If it contained ex- 
actly three times the second power of the tens multiplied by 
the units, the units of the root would be found immediately by 


an 
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dividing this remainder by three times the second power of the 
tens; for 3 a’ 6 divided by 3 a? gives 6. As the other parts 
however wiil always be smaljl in comparison with this, if we 
divide the remainder by three times the second power of the 
tens, we shall be able to judge very nearly what is the root, 
and the number of trials will be limited to very few. 


30 X 30 = 900, and 900 x 3 = 2700 and 15875 diviced by 
2700 gives 5.. I now add the 5 to the root and it becomes 35. 
To see if this is right, I raise 35 to the third power. 35 x 35 
xX 35 = 42875, therefore 35 is the true root. 


4. What is the third root of 79507? 


- 


Operation. 


79,507 (40 + 3 = 43 root. 
64,000 


15,507 (40 x 40 X 3 = 4800 divisor. 
43 K 43 X 43 = 79,507. 


As the number consists of five places, the power of the tens 
must be sought in the 79000. i . 


The greatest third power in 79000 is 64000, the root of which 
is 40. I subtract 64000 from 79507 and there remains 15507, 
which I divide by three times the sccond power of 40, viz. 
4800, and obtain a quotient 3, whichI add to 40. I raise 43 
to the third power, and find that it gives 79507. If it produced 
a number larger or smaller, I should put a smaller or larger 
number in place of 3 and try it again. 


5, What is the third root of 357911? 
6. What is the third root of 5832? |. 
7. What is the third root of 941192 P 
8. What is the third root of 34965753 ° 


It was observed above, that the third power of 10 1s 1000, 
the third power of 100 is 1000000 ; that of 1000 is 1000000000, 
&c. ‘Tliat is, the third power of a number consisting of one 
figure cannot exceed three places ; that of a number consist- 
ing of two places cannot contain less than 4 places nor more 


Br 
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than 6; that of 3 places cannot contain less than 7 nor more 
than 9 places, &c. 

Hence we may know immediately of how many places the 
third root of any given number will consist, by beginning at 
the right and separating the number into parts of 3 places 
each. The left hand part will not always contain 3 places. 

In the present instance, the number 34,965,783, thus divided 
consists of three parts, therefore the root will contain 3 places 
or figures. 

In the formula (a + 6)? =a’°+ 3a°b+3ab’ +0’, if we 
consider a as representing the hundreds of the root, and & the 
tens and units, we observe that the third power consisis of the 
third power of the hundreds, plus 3 times the second power of 
the hundreds, multiplied by the units and tens, &c. 

Hence we shall find the hundreds of the root by finding the 
highest third power contained in the 34,000,000, and taking its 
root. 

The largest third power is 27,000,000, the root of which is 
300. Subtracting 27,000,000 frem the whole sum, the remain- 
der is 7,965,783. If this contained exactly 3 a’ 6, that is, 3 
times the second power of the hundreds by the tens and units, 
the other two figures of the root might be found immediately 
by division. As it is, it is evident, that it will enable us to 
judge very nearly what the next figure, or tens, of the root 
must be, and its correctness must be proved by trial. 


300 X 300 X 3 = 270000. 


7,965,783 divided by 270000 gives for the first figure of the 
quotient 2, which being the tens is 20. This added to the root 
already found makes 320. 

If in the above formula, we consider a as representing the 
hundreds and tens instead of the hundreds ; and 0 as repre- 
senting the units ; it shows us that the power contains the third 
power of the hundreds and tens, plus 3 times the second power 
of the hundreds and tens multiplied by the units, &c. In the 
present instance a = 320. If now we subtract the third power 
of 320 from the whole sum, viz. 34,965,783, and divide the re- 
mainder by 3 times the second power of 320, we shall find the 
other figure, or units, of the root. When we have raised 320 
to the third power, we can ascertain whether the second figure, 
2isnght. => nh 
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320 x 320 x 320 = 32768000. 
This subtracted from 34965783 leaves 2197783. 
- $20 x 320 x 3 = 307200. 
2197783 being divided by 307200 gives a owas 7. This 
added to 320 gives 327 for the root: 
327 X 327 K 327 = 34,965,783. 
Therefore the result is correct. : : 


If the root consists of four or more places, the same mode 
of reasoning may be pursued by making a first equal to the 
highest figure in the root, and 6 equal to all below, until the 
second figure of the root is obtained, and then making a equal 
to the two figures already obtained, and 6 equal to the rest, 
and so on. ae 


The work may be considerably abridged by omitting the 
zeros in the work, and also the numbers under which they fall. 
The work of the above example will stand thus. 


Root. 
34,965,783 (300 +20 + 7 = 327. 
— 27, 000. ,000 3d power of 300 


iy PRIS TE Ist divisor = 

Ist divid. 7,965,783 (270,000 i 300 x 300 x 3 
— 32,768,000 3d power of 320 

its i? Ae ae 2d divisor = 

2d divid. 2,197,783 (307,200 i 320 x 820 x 3 


34,965,783 = 3d power of 327. 
The same without the zerus. 


34,965,783 (327 « “ 
3d power of 3. 27 


1st dividend 7,9 (27 1st divisor = 3° x 3 
3d power of 32 32 768 

- Qd divisor 
2d dividend 2197,7_ (8072, “ye Gay a 


34,965,783. 
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As the third power of hundreds can have no significant 
figure below 1000000, and as the third power of 300 and 3 
have the same significant figures, I raise 3 to the 3d power 
and subtract it from 34, as if it stood alone. Then, to form 
the divisor, hundreds are multiplied by hundreds, therefore 
there can be no significant figure below 10000. And it being 
the tens of the root that are to be found, it is sufficient to 
bring down one figure of the next period to form the dividend. 

Having found the second figure of the root, I raise 32 to the 
third power, and'subtract it from 34,965, omitung the last pe- 
riod, beeause the third power of the tens can have no signifi- 
cant fig-re below 1000. 

To form the second divisor I multiply the second power of 
32 by 3. For the dividend, it is sufficient to- bring down one 
figure of the last period to the right of the remainder, because 
the divisor, being tens, multiplied by tens, can have no signifi- 
cant figure below 100. 


Note. The second power of the 32 was found in finding its 
third power. 


[fit happens that the divisor is not contained in the dividend, 
a zero must be put in the root, and then the next figure must 
be brought down to form the dividend. 


Hence we obtain the following rule for finding the third 
‘oot. 


Prepare the number by beginning at the right and separating tt 
into parts or periuds of three figures each, putting a comma or 
point between. The left hand period may consist of one, two, or 
three figures. : 

Find the greatest third power in the left hand period, and write 
the root in the place- of a quotient. Subtract the power from the 
period. To the remainder bring down the first figure of the next 
period for a dividend. Multiply the second power of the root 
already found by three, to form a divisor. See how many times 
the divisor is contained in the dividend, and write the result in. the 
root. aise the root, thus augmented, to the third power. If this 
is greater than the first two periods, diminish the quotient by one or 
more, until you obtain a third power, which may be subtracted from 
the first theo periods. Perform the subtraction, and to the right of 
the remainder bring down the first figure of the next period to 
form a dividend and divide it by three times the second power of 


ee 
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the two figures of the root, and write the quotient in the root. 
Then raise the whole root so found, to the third power ; and if i 
as not too large, subtract it from the first three periods ; if tt is too 
large, dimnish the root as before. To the remainder bring down 
the first figure of the fourth period, and perform the same series 
of operations as before. 

If at any time it should happen that the dividend, prepared as 


‘ above, does not contain the dinsor, a zero must be placed in the 


root, and the next figure brought down to form the dividend. 


We explained a2 method in the extraction of the second root, 
more expeditious than to raise the root to the second power 
every time a new figure is obtained in the root. A similar 
method may be found for the third root, though it is rather dif- 
ficult to be remembered. 


Let a = 30 and 6 = 7; then 
(a + 6)? = (37 =@ 430° +346 +B = 50653 

To find the third root of 50653, find the first figure of the 

root as explained above. Then form the divisor as above, and 

find the second figure of the root. Then instead of raising the 

whole to the third power, it may be completed from the work 


already done. ‘The third power of the first figure being found 
and subtracted, the remaining part 1s 


3764 3a0+0=—¢6 (30° +3ab+4 08’). 
But the 3 a’ has already been found for the divisor. 


Sa 


We must now find 3 a 6 and b’; add all together, and mullti- 
ply the sum by 6, aad the third power will pe completed. 


Operation. 


Bat= 3X 30x 30=2700 50,653 (304.7 = 37. 
Sab = 30°X T3630). 97 akg 


Baars. = 49 236,53 (2700 = 32’, 


~ 7X 3379 = 236,53 


9, What is the third root of 34,965,783? 
14 6 hy 
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We have seen above, that when the root is -to consist of seve- 
ral figures, the same course is to be pursued as when it consists 
of only two. 


Operation. 
3 a® = 270000 34,965,783 (300 + 20 + 7 = 327. 
3ab= 18000 Qi tedks 
== 400 ee 
— 79,65 (2700 Ist divisor. 
288400 57 68 
20.6 SD 
21 977,83 (307200 2d divisor. 
5768000 21977 83 
3 (a? + 2ab6+ 0’) = 
87+2x3ab6+50? 
3 a? = 270000 
2x 3ab= 36000 
3367s 1200 


2d divisor 307200 = 3 x 320 x 320 


3 a? = 307200 
8ab= 6720 
e= 49 
313969 

6= 7 
2197783 


Examples. 


10. What is the third root cf 185193 ? 
11. What is the third root of 83654 LognP 
12. What is the third root of 77308 76? 


of the denominator. 
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13. What.is the third root of 1990865512 ? 
14, What is the third root of 513,345,176,343 ? 
15 What is the third root of 217,125,148,004,864 ? 


XXXI{. The third pewer of a fraction is found by raising 
both numerator and denominator to the third power. Thus 
the third. power of:2 Is 2 <°2"><'3 = 37. 


Hence the third root of a fraction is found by finding the 
third root of both numerator and denominator. The third of 


64 —4 
de ey ta 


63] 


Examples. 


. What is the third root of 214? 

.. What is the third root of ,23;? 

- What is the third rout of 3347 = 3448? 
. What is the third root of 3041328? 

. What is the third root of 25 ° 


or Be Co 8D oe 


It was remarked with regard to the second root that, when 
a whole number has not an exact root in whole numbers, its 
root cannot be exactly found, for no fractional quantity multi- 
plied by itself can produce a whole number. The same is true 


- with regard to all roots, and for the same reason. 


Hence the third root of 2 cannot be found exactly because 
the numerator has no exact third root. The root of the deno- 
minator is 2, that of the numerator is between 2 and 3, nearest 
to3. The approximate root is 2 or 14. 

6. What is the third root of 2? 

In this, neither the numerator nor the denominator is a per- 

fect third power ; but tlie denominator may be rendered a per- 


fect third power, without altering the value of the fraction, by 
multiplying both terms of the fraction by 49, the second power 
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The root of this is between § and £, nearest to the former, 

- It is evident that the denominator of any fraction.may be. 
rendered a perfect third power, by multiplying both its terms 
by the second power of the denominator. The third root of 
a whole number which is not a perfect third power, may be 
approximated by converting the number into a fraction, whose 
denominator is a perfect third power. 


What is the third root of 5? 


We may find this root exact within less than j of a unit, 
by converting it into a fraction, whose denominator is the third 
power of 12. 


(12h 2.17928 5 = $$4e. 
The root of £842 is between 22 and 21; nearest the latter. 


The most convenient numbers to multiply by, are the third 
powers of 10, 100, 1000, &c. in which case, the fractional part 
of the root will be expressed in decimals, in the same manner 
as was shown for the second root. The multiplication may be 
performed at each step of the work. For each decimal to be 
obtained in the root, three zeros must be annexed to the num- ° 
ber, because the third power of 10 is 1000, that of 100, 
1000000, ce. 


7. The third root of 5 will be found by this method as fol- 
lows. 


5.000,000,000 (1.709 + 


3d power of 1 1 

Ist dividend = ‘40 (3 1st divisor. 

3d power of 1.7 4.913 

2d dividend = 870 867 2d do. = 8 x (17)? 
3d_—s do. 8700 867 3d do. 


3d power 1.709 = 4.991,443,829 


—_——- 


remainder .008 556 171. 
The 3d root of 5 is 1.709, within less than ,,',, of a unit. 


. a ae . te 100 
We might approximate much nearer if necessary. The other 


method explained in the last article may be used if preferred. 
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8. What is the third root of 173? 


The fractional part of this number must first be changed to 
a decimal. 


173 == 17.75 = WE = 17.750. 


T0093 

Hence it appears, that to prepare a number containing deci- 
mals, it is necessary that for every decimal place in the root, 
there should be three decimal places in the power. Therefore 
we must begin at the place of units, and separate the number 
both to the right and left into periods of threc figures each. If 
these do not come out even in the decimals, they must be sup- 
plied by annexing zeros to the right. 

9. What is the approximate third root of 25732.75 ° 

10, What is the approximate third root of 23.1762 ¢ 

11. What is the approximate third root of 123? 

12. What is the approximate tnird root of 112? 

13. What is the approximate third root of 13? 

14. What is the approximate third root of 2, ? 


XXXIV. Questions producing Pure Equations of the Third 
Degree. . 


1, A man wishes to make a cellar, that shall contain 31104 
cubic feet ; and in such a form, that the breadth shall be twice 
the depth, and the length 14 the breadth. What must be the 
length, breadth, and depth ? 


Let the depth = a, S 
the breadth pie Dg 


ea 
and the length = 
The whole content will be 
cx 2axX = = 31104 
16 @* _ 31304 
14 * 
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16a 99382 
pas 5B S2 
#2 == 18. depth 
2e = 36 = breadth 
~—) 48 = length. 
2. There are two men whose ages are to each other as 5 to 


4, and the sum of the third powers of their ages is 137781. 
What are their ages? 


Let x = the age of the elder 


then 2 = the age of the younger. 


3 
ee oe = 137,781 
a? = 91,125 
P= AO 
= — 36. 


ins. Elder 45 years, and younger 36. 


2, A man wishes to make a cubical cistern that shall con- 
tain 100 gallens. What must be the length of onc of its 
sides? 


4. A bushel is 21502 cubic inches. What must be the size 
of a cubical box to hold 1 bushei ? 


5. What must be the size of a cubical box to hold 2 
bushels ? 5 , 


6. What must be the size of a cubical box to hold 8 bushels ? 


"7, Find two numbers, such that the second power of the 
greater multiplied by the less may be equal to 448; and the 
second power of the less multiplied by the greater, may be 
392° 
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8. A man wishes to make a cistern which shall hold 500 
gallons, in such a form that the length shall be to the breadth 
as 5 to 4, and the depth to the length as 2 to 5. Required 
the length, breadth, and depth. 


Note. The wine gallon is 231 cubic inches. 


9. A man wishes to make a box which shall hold 40 bushels, 
in such form that the length shall be to the breadth as 4 to 3, 
and the depth to the breadth as 2 to 3. Required the length, 
breadth, and depth ? 


10. A man bought a piece of land for house lots, the breadth 
of which was to its length as 3 to 28; and he gave as many 
dollars per square rod, as there were rods in the length of the 
piece. The whole price was $63,504. Required the length 
and breadth. ; 


11. A man agreed to sell a stack of hay for 10 times as many 
dollars as there were feet in the length of one of the longer 
sides. On measuring it, the length was to the breadth as 6 to 
5, and the breadth and height were equal. Moreover it was 
found that it came to as many cents per cubic foot as there 
were feet in the breadth. Required the dimensions of the 
stack. 


XXXIV. .Uffected Equations of the Second Degree. 


When an equation of the second degree consists only of 
terms which contain the second power of the unknown quanti- 
ty, and of terms entirely known, they may be solved as above. 
Brit an equaticn of the second power, in order to be complete, 
must contain both the first and second powers of the unknown 
quantity, and also one term consisting entirely of known quan- 
tities. These are sometimes called affected equations. 


1. There is a field in the form of a rectangular parallelo- 
gram, whose length exceeds its breadth by 16 yards, and it 
contains 960 square yards. Required the length and breadth. 


Let « = the breadth ; 

then « + 16 = the length ; 

and «? + 16 x = the number of square yards. 
Hence 2’ + 16 x = 960. 
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In order to solve this equation, it is necessary to make the 
first member a perfect second power. 
Observe that the second power of the binomial 2 ++ a, 1s «”, 
+ 2ax-+a’, which consists of three terms. = 
é 3 “aaa if we compare this with the first member x’ + 16 2, we 
n 


164 


CST 
ZOOL 16 x 
which gives OMT = I6) 
and a=8 
a’ = 64 


(a@+8) (vw +8) =a + 1624 64. 


Hence, if to «® + 16a we add 64, which is the second power 
of one half of 16, the first member will be a perfect second 
power, but it will be necessary to add the same quantity to the 
second member, in order to preserve the equality. The equa- 
tion then becomes 


a +162 + 64 = 960 + 64 = 1024. 
Taking the root of both members 


e+8>=+ (1024)? = SP 
By transposition wv =—8-+ 82. 


It has been already remarked that the 2d root of every 
positive quantity, may be either positive or negative, because 
—axX —a=-+a' as well as +ax+a=+4a°. The 
double sign +. is read plus or minus. head : 

In the preceding examples, the conditions of the question 
have always determined which was to be used. But, in the 
present instance, the work not being completed when the root 
is taken, we niust give it both signs, and when the values of x 
are found for both signs, the conditions will finally show which 
is to be used. 


e+S=+82. 
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If we use the sign +, we have 
; Beare ee 
and xc+16=— 40. 
This gives the length 40 yards and the breadth 24. These 
numbers answer the conditions of the question. 
If we use the sign —, we have 
r=— 40 
e+ 16=— 24. 
These numbers will not sitisfy the conditions of the question, 


but they will answer the conditions of the equation, as will be 
seen by putting them into the first equation. 


— 40 x —40+4 16 x -—40 = 960. 


2. A certain company at a tavern had a reckoning of 143 
shillings to pay ; but 4 of the company being so ungenerous as 
to slip away without paying, the rest were obliged to pay 1 
shilling apiece more than they would have done, if all had paid. 
What was the whole number of persons ? 


Let x = the number of persons at first ; 
then 7 — 4 = the number after 4 have departed ; 


ed = the number of shillings each should have paid ; 
x 


and — = the number of shillings actually paid by 
C— 
each. 


By the conditions 
pies +1= 148 “sp 
x v—4 
Clearing of fractions . 
143 2+ 0°—572—4¢r7—=— 1432 
By transposition 
a’?—42 = 572. 


i o's, al 
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This equation is similar to the last, except in this, the se- 
cond term of the first member has the sign —. 

Here we musi observe that the second power of the binomial 
r— a, is 2*—2ax + a’, the same as that of x + a with the 
exception of the sign of the second term. 

In this equation, as before, we find two terms of the second 
power of a binomial ; if we can find the other term we can 
easily solve the question. 


It may be found as follows, 


xe? = 2 

2ar=—A4z 

2a=——4 

which gives a=—2 
and v= 4 


Adding 4 to both members of the equation it becomes 
wv —4e+4—=57214= 576. 
Since —2 in this corresponds to a, the root of the first mem- 


ber isr—2. In fact, (ec —2)? =2*°—42+44. The root of 
576 is 24. 


Hence 
e—2= + 24 
e=24+ 24. 
The two values of x are 26 and — 22. The former only an 
swers the conditions of the question. 


Proof. If the whole number, 26, had paid their shares, each 
would have paid 143 = 54 shillings. But 22 only paid, con- 
sequently each paid ' = 64 shillings. 


3. There are two numbers, whose difference is 9, and whose 
sum multiplied by the greater produces 266. What are those 
numbers ? . 


Let 2 = the greater ; 
then x — 9 = the less, 
2a —9 = their sum. 
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By the conditions ; 
v(20—9) = 266 © 
2x°—9 x= 266 


x oe = 133. 
2 
If we use the general formula as before, we have 
aa" 
242=—— 9.@ 
2 
2a=>— 2 
2 
a=—?- 
4 
pee ehs 
16 ; 
Completing the second power, the equation becomes 


ee Oe 81 81 2209 
22S Sean OO: a ap rey 
= 2 - 16 “16 16 


Taking the root of both members 


Da, 47 2 
Si Ateads ‘ii 
9 47 
t= = a, 
4 igs 4 
‘which gives ae = 14 
and eo 8 _ hog 
4 
r—9=5 


‘also xr—9 =— 184 


= 2 
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Both values will answer the conditions of the question ; for 


14+5=19 
and 19 x 14 = 266 
» also — 93 + (— 183) = — 
and -— 28 x —94 = 266. 


In all the above examples, after the question was put into equa- 
tion, the first thing dunes, was to reduce all the terms contain- 
ing «x to one teria, apd those containing « into another, and 
to “ple ve diem in oné member of the equation, and to colleci all 
the terms consisting entirely of known quantities into the other. 
This must always be done. Moreover «? must have the sign 
+ and its coefficient must be 1. The equation will then be in 
the following form. 


ot pe=q. 
pi and q being any known quantities and either APative or 
negative. 
Every equation, however complicated, consisting of terms 
which contain 2’, and a, and known quantities may be reduced 
‘o this form. 


Let the equation be 
_ se _ 15—27 


Clearing of fractions it becomes 
140 x — 12 x”? — +6n=75—5 2%, 
Transposing and uniting terms 
= i 1462—72 = 145 
Changing all the signs in both. momLers 
Ge 146 8 445 a 


Dividing by 7 (the coefficient of 2°) _ 
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ae 146 145 
H = —.— and g = — 2 
ere Pp = 7 an q= = 
To solve the equation “is 


We consider x? and p x as two terms of the second power 
of the binomial x +- a in which 


2ax=per 
2a=p 
a=? 
2. 
ote 
4 


Hence the binomial x + a is equal to « Ys f and the third 


2 
term of the second power is eS In fact 


| fo +2); (e +4) = pe ae 
} Therefore the first member of the above cqauiae may be 


_. rendered a complete second power, of which « + Fi is the 


2 7 
root, by adding to it -. The same quanuty must be added to 


the second member, to preserve the eanality, 


i The equation then becomes 


Taking the root of both members 
s+f=2(742)i0 
+ * 


rahe (14) 


15 
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From the above observations we derive the following general 


rule for the solution of equations which contain the first and’ 
second powers of the unknown. quantity. 


ist. Prepare the equation, by collecting all the terms contain- 
ing the first and second powers of the unknown quantity into the 
first member, and all the terms consisting entirely, of known quan- 
tittes into the other member. Unite all the terms containing the 
second power into one term, and all contamng the fost power 
into another. If the sign before the term containing the second 
power of the unknown. quantity be not positive, make it sob 
changing ali the signs of both members. If the coefficient «} 
“i term as not 1, make it so by dividing all the terms by its coef 
ficient. ’ 


Qd.  Mcke the first erie a complete second power. Thus is 
done by adding to both members the second power of hulf the coeffi- 
cient of x (or “of the first power of the unknown quantity.) 


3d. Take the root of both members. 
~The root of the first me.nbe~ will be a binomaal, the first term of 
which will be the unknown quantity, and the second wall be half the 


coefficient of x as found above. The root of the second member 
must have the double sign +. 


4th. ‘Transpose the term consisting of Prien (plete from the- 
first to the second member, and the value of x will be found. 


4. A-and B sold 130 ells o7 silk (of which 40 ells were A’s 
and 90 B’s) for 42- crowns. Now A sold for a crown one third 
of an ell more than Bdid. How uy, ells did each sell for a 

crown ? i 


Let x = the number of ell B sold for a crown; ve r+ 
Mae: = the number A sold for a crown ; 


o 


a the price, of 90 ells; sent 

a = the price of 40 ells, shies 
SaDye 3 

if 3 244 4 


™“ 
+ 
45 
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ie 2 J 
90 =H2'2 
Siar Be 
9024+ 304+ 400= 420° + 14 a 
116 7— 422° = — 30 = 
Changing signs 42 x — 1162 = 30 
Dividing by 42 a? — 116 ee 30 
42 42 
Reducing fractions 2? — 222 = me 
21 i 


To complete the second power of the first member, take one 
half of — £%, which is— 3%, and add its second power to 
both members. 


? _ 5824 re BAN 5 7 oi sl ors fs Gg! pie med. 
21 21) “Mm 21) “21) 21)? ae oie 
Taking the root of both members, 
29 34 
r— = H+ 
; ZT 21 
29 © 84 
ae aa 
Which give, «—%=3 
21 
; 21 ‘ 
“ The first value only will answer the conditions. ‘3 “a 
ee Ans. B sold 3 ells for a crown, and A 33. 


= fen , 
‘The learner may observe, that in raising 3% to the second 
power, I multiplied the numerator into itself, but expressed the 
power of the denominator by an exponent. ‘This saved some 
work in this example. It may always be done when the num- 
ber in the right hand member can be reduced to a fraction — 
_ with the same denominator as the number added. In this case 
$ could be peered to 21ths. The 3 was reduced thus: — 
‘“ ae 


ef 
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5 es 15: x Bo wens 


TX 34° 20 Xie Oey 


When the second member is’a whole number, it can be re- 
“duced to a fraction with any denominator ; consequently this 
form may be used. 


5. A man bought a certain number of sheep for 80 dollars ; 
if he had bought 4 more for the same money, they would have 
come to him } dollar apiece cheaper. What was the number 
of sheep? 


6. A merchant sold a quantity of brandy for £39 and gained 
as much per cent. as the brandy cost him. How much did it 
cost him ? 


Let x = the cost. 


then _2_ = the rate per cent. 
100 


a : 
and —_ = the gain. 
100 


also 39 — x = the gain. 


7. Two persons, A and B, talking of their money, says A to 
B, if I had as many dollars as I have shillings, I should have as 
much money as you; but if I had as many shillings as their 
number multiplied by itself, | should have three times as much 
nt ae as you, and 63 shillings over. How much money had 
each ° 


8. A colonel has a battalion of 1200 men, which he would 
draw up in a solid body of an oblong form, so that each rank 
may exceed each file by 59 men. What numbers must he 
place in rank and file ? ; es 


” 


9. A grazier bought as many sheep as cost him £60 ; out of 
which he reserved 15, and sold the remainder for £54, gainin 
2 shillings a head by them. How many sheep did he buy, an 
what was the price of each ? 


10. A person bought two pieces of cloth of different sorts ; 
of which the finer cost 4s. a yard more than the other. For 
the finer he paid £18 ; but for the coarser, which exceeded 
the finer in length by 2 yards, he paid only £16. How many 
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* 

__-yards were there in each piece, and Peat was the Pigs of a3 
a os ? : ae. 

ee 11 ...A labouret dug two scape less one of Wich was 16 yards 
~~ longer than the other, for $77.60; and the digging of each _ 
; cost as many dimes per yard, as there were yards in length. — 
What was the length of each? a 


12. There are two square buildings, that are paved with 
stones each a foot square. The side of one building exceeds 
that of the other by 12 feet, and both their pavements taken 
_. together contain 2120 stones. What are the lengths of them 
Fe separately. 


13. A man bought two sorts of ih for $133. A. yard of 
: the finer cost as many shillings as there were yards of the finer. 
_ Also 30 yards of the coarser, ” (which was the whole quantity,) 
were at such a price, that 7 yards cost as much as a yard of the 
finer. How many yards were there of the finer, and what was 
the pee of each piece ? 


= 1a Two partners A and B gained £18 by trade. A’s mo- 
ney was in trade 12 months, and he received for his principal 
and gain £26. Also B’s money, which was £30, was in trade 
16 months. What money did A put into trade ? 


5s The plate of a looking glass is 18 inches by 12, and is 
| 10 be framed with a frame, all parts of which are of equal width, 
and the area of the frame is to be equal to that of the glass, 
gs Required the width of the fiers 


16. A and B set | out from two Bas: Which’: were distant 247 
iles, and travelled the direct road till they met. A went 9 
iles a day ; and the number of days, at the end of which they 
ater by 3 than the number of miles which ‘B went 
many miles did each, gon 5 4 


tke ae out from C towards D, and _— 7 miles per * 
. After he had Bone 32 miles, B set out from D towards C, 

nd went every day ;'; of the whole journey ; and after he had 

led as many days as he went miles in one day, he met A. ee 

: the distance between the placesCandD? 

; oth values will answer the conditions: eae J 
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18. A man had a field, the length of which exceeded the 
‘breadth by 5 rods. He gave 3 dollars a rod to have it fenced, 
which amounted to 1 dollar for every square rod in the field. 
What was the length and breadth, and what did he give for 
fencing it ? 


19. From two places at a distance of 320 miles, two persons, 

A and B, set out at the same time to meet each other. A tra- 
velled 8 miles a day more than B, and the number of days in 
which they met was equal to half the number of miles B went in 
a day. How many miles did each travel, and how far per day ? 


20. A man has a-field 15 rods long and 12 rods wide, which 
he wishes to enlarge so that it mav contain just twice as much ; 
and that the length and breadth may be, in the same propor- 
tion. How much must each be increased ? 


In this example, the root can be obtained only by approxi- 
mation. 


21. A square court yard has a rectangular gravel walk 
round it. ‘The side of the court wants 2 yards of being 6 
times the breadth of the gravel walk; and the number of 
square yards in the walk exceeds the number of yards in the 
periphery of the court Be 164. Required the area of the 
court ? 


All equations of the second degree oman be reduced to one 
of the following forms. . 


ibe vgs +par=-q 
2. up v= Yq 
3. a + pes —q 
4, Bigg d= 


After the equation has been brought to one of tied forms, — 
it may be solved by one of the following formulas, which are_ 


‘Sg 


a 


numbered to correspond to the equations from which they are ae 


derived. 
: eae pry? 
3 eee Ga ies Z 3 
fe Lg ep pis ix 
2. ee a a) bo 
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pL Oe eg! 
| cpa r=+2 429} 


~ The first equation and the first formula are sufficient for the 
whole, if pand qg are supposed to be Boauve or negative quan- 
tities. 


. There are two numbers whose difference is” 112, and 
wines product is equal to 4 times the larger minus 9. What 
are the numbers ? 


-Let x = the larger; 


then « — il? = the smaller. 


Be xv —lli2>=4r—9 
xv? —’8t —-—_9, 
This equation is in the form of «* — px = — q, in Gait 
ee, t= 2B Ohne = 9 
. a = 2 10’ 4 L00 


reek (226 — 9)? = 12 4- (537 2 = 7847.2. 
Or we may use the first formula, then 
18 p78 p* _ Go84 
aS oy Jantko = 9 
P ae ee 10° 4. 370. gt 
emit + (95 on = tee (4! ney? = =7.8+7 2. 
Both values of «, being ees will answer the conditions 
of the question. 
Ans. By the first value the larger number is 16 and the 
smaller 32. By the second value of oy the larger is 2, and the 
smaller —11. 
+ Let the learner solve some of the preceding questions by the 
~ formula. 


_XXXV. We shall now Picuiniiswnie that every equation of. 
x the: second degree, necessarily admits of two valucs for the un- 


known quantity, and only two. 
1 eee 


5 
7 
a 


Bint 
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Let us take the general equation. 


; ebtpr=q 
This, we have seen, may represent any equation whatever of 
the second degree, p and g being any known quantities and 
either positive or negative. _ If p = 0 the equation becomes — 
BG 


which is a pure equation or an equation with two terms. 
If we make the first member of the equation 2? +pxr—=q, — 
a complete second: power, by the above rules, it becomes 


2 2 
, Pigalle 
e+pop+l—q+F 


BY ay 
or (2 + 5? q+ i 
Make m==g + fe ne 2 
then m= (q+ 2) i 
Then we have (a sky =i. Be 
= #. % aS " 


. 2 a i rn 
transposing m?— (x + £) —m =0.- 


The first member of this equation is the difference of two 
second powers, which, Ait. XIII, is the same as the preduct of 
the sum and difference of the numbers. 


bf 


The sum is x + 2 -+ m, and the difference is av -+ a — : 


and their product is — 


(@@+f—m) (@+L4m) =o, | ao 


In this equation, the first member consists of tivo factors, 
and the second is zero. Now the first member of the above 
equation will be equal to zero, if either of its factors is equal 


Jk id . : 
SES. 


ee eS 


Se 


¥ 2 * ; 

ed | * = & 
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_ to zero. For if ant number be multiplie 7 zero, the product — 
I. is zero. = 

. py the first factor equal to zero, — So 

© ob f m=O * sat Seine 
gives id : ga PB +m ~— i 
Making «2+ £ +m=0 + > : 


ae 


ither value answers the 
introduced pe 


; bik are the values ge: fd otfthined above. (This Fe 
stration aa essentially that of M. Bourdon.) — er : 


2 4 
ei Daviésan, a 


y Let Mie ‘aie the a eral equation. ; 
Pa OE 
es a 


ince the expression contains a radical quantity, that is, a i 
y of which the root 1s.to be found, in order to be able 
” St6 ind the value of it, we mst able tor find the #Oot) CHEE 


ocicimmal approximation. Now there is one ee ch 
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sigs 
it is impossible to find the root. It is uhm q is ein: and 


2 
greater than i. In which case the expression 4 “Be is ne- 


gative ; and it has been shown above, that it is ied to 
find the root of a negative quantity. In all other cases the 
value of the equation. may be found. 

In all cases if q is positive, the first value will be positive, 


and answer directly to the conditions.of the question proposed. 


For the radical (7 a P By is necessarily greater than 2 re be- # 


cause the root of _ alone is oe ; therefore the expression 


f : 
Bi £ + (a =s rye is newaaae? of the same sign as the. » 
radical. . 
The second value is for the same reason essentially negative, Sy 
for both £ and (2 + ay are negative. This value, though 


it fulfils the conditions of the equation, does not answer the 
conditions of the question, from which the equation was derived 5 
but it belongs to an analogous question, in which the « must be 
put in with the sign — instead of +; thus 2? — pe = q, which 


gives « = L cE C ae rs, a value, which differs from the 


first only by the sign before 2. 


oD > 
If ¢ is actually negative, the equation becomes 
n+ pr =—q, 
and the values are . 


Tn order that it may be a to find the root, g must be 


less than es When this is the case, the two values are real, 


= 
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2 BEM Tye je 
Since (f — a) # is smaller than it follows that both 


values are negative if p is positive in the equation ; that is, if 
x* + p 2 = — q, which gives 


on rn 2 
i at =F +  (F— a)* 
ae 


and both positive if pis negative in ihe equation, that.is, a*— 
p © = —gq, which gives 


ke fer © ee 7 
x Pa(? a) 


When both values are negative, neither of them answers di- 
rectly to the conditions of the question ; but if — x be put into 
~ the original equation instead of x, the new equation will show 
what alteration is to be made in the enunciation of the ques- 
_ ton ; and the same values will be found for « as before, with 
~ the exception of the signs. - 


2 
The in this _ equation q is ‘greater than f the quantity 


(2 — 4)! becomes negative, and the extraction of the root 


_ cannot be performed. The values are then said to be imegi- 
a ’ Er 

. It is required to find two, numbers whose sum is p, “and 
hee product is q. 


‘ Let 2 = one of the numbers, 


then p— x = the other. 


x(p—xr)=4 
pe — = 93 
Changing signs “— pr=—q. 


- This example presents the case above mentioned, in which 
pand q are both negative. 
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The value is . 
rae (Z— 0)? 


Suppose p = 15 and q = 54. 


15 225 5 15 225 —216\4s-— 
a+ Oe NBA EA St 
2 = ( ) 2 (= 4 ) 


The values are 9 and 6, both positive, and both answer the 
conditions of the question. And these are the two num- 
bers required, for 9 + 6 = 15,9 x 6 = 54. This ought to be 
so, for v in the equation represents cither of the numbers in- 
differently... Indeed whichsoever x be put for, p—-2 will re- » 
present the other ; and px— 2’ will be their product. 


Again let p = 16 and q = 72. 


rapa (> — 7a)? =8 + (8)? 


Here Cag 8)? i is an imaginary quantity, therefore both values 
~ are amaginary. 


In order to discover why we obtain this i imaginary result, lev us 
first find into what two parts a number must be divided, that the 
product of the two parts may be the greatest possible quantity. 

In the above example, p represents the sum of the two num- 
bers or parts, let d represent their difference, then 

na = = the greater, and 2 —< = the less. Art. IX. 


Their product is 
= 2 5) (g—<) ee ek ad Art. XIE. 
2 2 2 4 


2 
The expression f — gi is evidently less than z so long as 


dis greater than zero; but when d= 0, the expression becomes 


XXXYV. Affected Equations. 13] 
= which is the second power of £. Therefore the greatest 


possible product is when the two parts are equal. 


2 
» In the above example E = 8, and 7 = 64. This is the 


greatest possible product that can be formed of two numbers 
whose sum is 16. It was therefore absurd to require the pro- 
duct to be 72; and the imaginary values of « arise from that 
absurdity. 


2. It is required to find a number a that if &. its second 
power, 9 times itself be added, the sum will be equal to three 
times the number less 5. 


a ‘eae 


P62 = — i 
This equation is in the {ome of a + px = —4q, which 
gives 
2 Ae 3 
Putting in the values of p and q : : 
pebe ge. (9 — 5)? =—3 £2. 


The values are —1 and-— 5, both negative. Consequently 
neither value will answer the conditions of the question. This 
shows also that those conditions cannot be answered. 


But if we change the sign of 2 in the equation, that is, put 
in — «& instead of z, it becomes 


- 


xv —Ixn=—3r—5. 
Changing all the signs 
9x—w=3ae+5. 
This shows that the question should be expressed thus: 


It is required to find a number, such, that if from 9 times 
itself, its second power be subtracted, the remainder will be 
equal to 3 times the number plus 5. 

16 


i 
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The values will both be positive in this, and both answer the 
conditions. 


on OR et i ae 


D=—56 pi — 0 


ors (Oa 342, ™ 
The values are 5 and 1 as before, but now both are positive, 
and both answer the conditions of the question. 


.8. There are two numbers whose sum is a, and the sum of 
whose second powers is 6, It is required to find the numbers. 


Examine the various,cases which arise from giving different 
values to a and 6. Also how the negative value is to be inter- 
preted. Do the same with the following examples. 


4. There are two numbers whose difference i is a, and the 
sum of whose second powers is 6. Required the numbers. 


5. There are two numbers whose difference is a, and the 
difference of whose third powers is 6. Required the numbers. 


6. A man bought a number of sheep for a number a of dol- 
lars; and on counting them he found that if there had been a 
number 6 more of them, the price of each would have been less 
by asumc. How many did he buy? 


7. A grazier bought as many sheep as cost him a sum a, out 
of which he reserved a number b, and sold the remainder for a 
sum c, gaining a sum d -per he: ead by them. How many sheep 
did he buy, and what was the price of each? 


8. A merchant sold a quantity of brandy for a sum a, and 
gained as much per cent. as the brandy cost him. What was 
the price of the brandy ? 


XXXVI. Of Powers and Roots in General. 


Some explanation of powers both of numeral. and _ literal 
quantities was given Art. X. The method of finding the roots 
of the second and third powers, that is, of finding the second 
and third roots of numeral quantiues, has also heen explained ; 
end their applicatior to the solution’ of equations. Bet it is. 
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frequently necessary to find the roots of other powers, as well 
as of the second and third, and of literal, as wel! as of numeral 
quantities. Preparatory to this, it is necessary to attend a 
little more particularly to the formation of powers. 


The second power of aisa X a= a’. 
The fifth power of a is a Kaxaxaxa=a. 


If a quantity as @ is multiplied into itself until it enters m 
times as a factor, it 1s said to be raised to the mth power, and is 
expressed a”. This is done by m— 1 multiplications ; for one 
multiplication as a@ X a produces a’ the second Benes two 
multiplications produce the third power, &c. 


We have seen above Art. X. that when the quantities to be 
multiplied are alike, the multiplication is performed by adding ~ 
the exponents. | By this principle it is easy to find any power 
of a quantity which is already a power. ‘Thus - 

The second power of a’ isa X @=at =a’. 

The third power of a’ is a? X@? X @ = at"? = af, 

The second power of a” is a™ x a” = a™t™ =a", 

The third power of a” is a® X a™ X a™ = g™tm™tm — gin 

The mth power of a’ is a® x a xX a xX a x re F 
Sen et Sat 2 -fan) ais 0.x , until a’ is taken m times as a factor, that 
is, until the exponent 2 has been taken m times. Hence it is 
expressed a*™ * 

The nth power of .a™ is a™ X07 0"... auiner’: 
until m is taken 7 times, and the power is expréssed a”. 


N. B. The'dots ..... in the two last examples are used to 
express the continuation of the multiplication or addition, be- 
cause it cannot come to an end until m in the first case, and n 
in the second, receive a determinate value. 


In locking over the above examples we observe ; 


Ist. That the second power of a’? is the same as the. third 
power of a’, and so of all others. 


oe 


ae 
PF 
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2. That in finding a power of a letter the exponent is added 
until it.is taken as many times as there are units in the expo- 
nent of the required power. Hence any quantity may be raed 
to any power by multiplying ws exponent by the exponent of the 
power to which it is to be rarsed. 


The 5th power of a? is a°** = a”. 
The 3d power of a’.is a’™** = a”, &c. 


The power of a product is the same as the product of that 
power of all its factors. 


The 2d power of 3abis3 ab X 3ab=9 a’ Bb’. 
The 3d power of 2 a’6°is 20’ X 20°? X 2a0°D? = 8a’ OF. 


Hence, when a quantity consists of several letters, it may be rais- 
ed to any power by multiplying the exponents of each letter by the 
exponent of the power required ; and uf the quantity has a numeral 
coefficient, that must be raised to the power required. 


The powers of a fraction are found by raising both numera- 
tor and denominator to the power required ; for that is equiva- 
lent to the continued multiplication of the fraction by itself 


1 What is the 5th power of 3 a b? m? 


ae Ware” 
2 What is the 3d power of if 
5 bd? 

Powers of compound quantities are found like those of sim- 
ple quantities, by the continued multiplication of the quantity 
into itself. ‘The second power is found by multiplying the 
quantity once by itself. The third power is found by two mul- 
tiplications, &c. 

The powers of compound quantities are expressed by enclos- 
ing the quantities in a parenthesis, or by drawing a vinculum 
over them, and giving them the exponent ‘of the power. The 
third power of 74+ 2b — ¢ is expressed (a + 26 —c)* 3° or 

3 


* 


a+t2b—e. 
The powers are found by multi plication as follows: 
eee 
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a+2b—e 
at2b—c 
? +2ab—ar 
2ab6+4b—2dc 
—ac —2bce+¢ 


@+4ab4+40—2ac—4be4+ =(a+2b—:* 
at2b—c 


a&+40°b+4ab?—2ac—4abetac 
27b6+8al4+ 8? —4abce—S'?c+2be 
—ac —4abc—4'c+2a°+460-—e 


+ 6ab + 120 +86 — 3 are—12abc— 12 be 
+3ac°+6b°—é=(a+2b—c)* 


If the third power be multiplied by a + 26—c, it will pro- 
duce the fourth power. 

3. What is the second power of 3c + 2d? 

4, What is the third power cf 4a—bc? 


5. What is the fifth power of a—6? 


6. What is the fourth power of 2 a? c —¢?? 


In practice it is generally more convenient to express the 
powers of compound quantities, than actually to find them by 


‘multiplication. And operations may frequently be more easily 


performed on them when they are only expressed. 
(a+b) x (a+b)? = (a+b)? = (a +0) 
(3a—5c)' X (3a—5e"= (3a—S5c)’. e 
16* 
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That is, when one power of a compound quantity is to be multr- 
plied hy any power of the same quantity, it may be exnressed by add- 
ing the exponents, in the same manner as simple quantities. 


The 2d power of (a + 6)? is (a+ x (a+ 6) 
= (a +6)? = (a+ 6)? = (a 6)". 
The 3d power of (2 a —d)* is 
(2a—d)'t4t4 = (2a—d)*** = (2a —d)”. 


That is, any quantity, which is already. a power of a compound 
pune: may be raised to any power by multiplying its exponent 
y the exponent of the power ta which it ts to be raised. 


7. Express the 2d power of (3 b— c)*., 


8. Express the 3d power of (a —c + 24)*. 
9. Express the 7th power of (2 a’-—4 ¢’)’. 
Division may also be a by subtracting the exponents 
as in sunple quantities. 
(3a—6)°* divided by (3a — 4)? is 
(Sa—b)’? = (3a—by’ 
10. Divide (7 m +- 2c)’ by (7m +2c)*. 


If (a +6)? is to be multiplied by any quantity c, 1t may be 
expressed thus: ¢ (a+ 6)’. But in order to perform the ope- 
ration, the 2d power of a + 6 must first be found. : 


c(a+b)= oa" + 2ab #6) =a'e +2ab c+ be 

If the operation were performed previously, a very erroneous 
result would be obtained; for c (a + 6)’ is very different from 
(ac+ 6c)’. ‘The value of the latter expression is @ c? +2 ab 
cE UF ; 

11. What is the value of 2 (a + 3 )° developed as above? 

12. What is the value of 38.¢ (2a—c)*? . 

13. What is the value of (a+3c’) (3a—2b)? 

M%,. What. s the value of (2a—b)* (a? 4 bc)?? 


me 
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We have had occasion in the preceding pages to return from 
the second and third powers to their roots. We have shown 
how this can be done in numeral quantities ;-it remains to be 
shown how it may be effected in literal quantities. It is fre- 
quently necessary to find the roots of other powers-as well as 
of the second and third. 

The power of a literal quantity, we have just seen, is found 
by multiplying its exponent by the exponent of the power to 
which it is to be raised. 


The second power of a® is a° X * = a°; consequently the se- 
2 sae 
cond root of a° is a? =a’. 


The third power of a™ is a” ; hence the third root of a” 
3m 
must be a* = a™. 
e 


The second root of a”, then must be a?. 


Me Pre 2 
Proof. 'The second power of a? isa 


™m™ 
i, ym 


fil? 


In gencral, the root of a literal quantity may be found by dwid- 
mg its exponent by the number expressing the root ; that is, by 
dividing by 2 for the second root, by 3 for the third. root, &«. 
This is the reverse of the method of finding powers. 

It was shown alove, that any power of a quantity consisting 
of several factors is the same as the product of the powers of 
the several factors. From this it follows, that any root of a 
quantity consisting of several factors is the same as the pro- 
duct of the roots of all the factors. 


The third power of a’ bc’ is a° 6° ?; the third root of a° 6° 
ce? must therefore be a’ 6 c*. — 


Numeral coeflicients are factors, and in finding powers 
they are raised to the power; consequently in finding roots, 
the root of the coefficient must be taken. . 


The 2nd root of 16 at is 4. ab. 
Proof. 4@7bxX4ab= 16 at UF. 


F 
® 
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When the exponent of a quantity is divisible by the number 
expressing the degree of the root, the root ean be found exactly 5 
but when it is not, the exponent of the root will be a fraction. 


3 2 


The second root of a? is a2. The second.root of a is a*. 
peek 
The third root of a is a. The nth root of aisa™. The nth 
™ a 
root of a” is an. i 
The root of a fraction is:found by taking the root of its: nu- 
merator and of its denominator. This is evident from the me- 
thod of finding the powers of fractions. 
The root of any quantity may be expressed by enclosing it in 
a parenthesis or drawing a vinculum over it, and)writing a frac- 


y 


tional exponent over it, expressive of the root. Thus 


ae 


The 3d root of 8 a’ b is expressed 
(Sa b)5 or 8a°B*. 


The root of a compound quantity may be expressed in the 
same way. 


The 4th root of a’ + 546 is expressed 


he es 
(7? +5ab)* or @ +5ab*. 
When a compound quantity has an exponent, its root may 
be found in the same manner as that of a simple quantity. 
The 3d root of (2b —a)' is (2b —a)* = (2b —a)’. 


~— a 

With regard to the signs of roots it may be observed, that all 
even roots musi have the double sign +; for since all even 
powers are necessarily positive, it is impossible to tell whether 
the pewer was derived from a positive or negative root, unless 
something in the conditions of the question shows it. An even 
root of a negative quantity is impossible. All odd_ roots will 
have the same sign as the power. 


15. What is the second root of 9 a? 6%? 
16. What is the third root of — 125 a®° 88 c? 
17 What is the fifth root of 32 a? 2* r? 


2 
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2 7.2 
a’ B , 


18. What is the third root of soe 
27. d? a = 


8 43 
19. What is the fourth root of =“ ? 
m 


20 What is the second root of (2m— «)°? 
21 What is the 6th root of (3a a2)" ? 


# 


XXXVI Roots of Compound Quantities. 


“When a compound quantity is a perfeet power, its root may 
be found ; and when it is not a perfect power, its root may be 


found by approximation, by a method similar to that employed 
for finding the roots of numeral quantities. 

First we may observe, that no quantity consisting of only two 
terms can be a complete power ; for the secord power of a bi- 
nomial consists of three terms ; that of a 7x, for example, is 
at+2axr+cx*. The quantity a’ + 6’ is not a complete se- 
cond power. 

Let it be required to find the second root of 


9ata +407 b+ 124° at B. 


The. root of this will consist of at least two terms. The se- 
cond power of the binomial a + bis a@’+2ab+ 6°. This 
shows that the quantity must be arranged according to the 
powers of some letter as in division, for the second power of 
either term of the root will produce the highest power of the 
letters in that term. 


Arrange the above according to the powers of «. 
9a*a® + 122° at b? + 407 b - 
The formula a? + 2a6-+ 6’ shows that we should find the 


first term a of the root by taking the root of the first term ; the 
same must be the case in the given example. . 

The root of 9 et a° is 32° a*. Write this in the place of a 
quotient, and subtract its second power. Then multiply 3 2’ a’ 
by 2 for a divisor, answering to 2a of the formula, 


ie 


ES EES Oe 
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9 x* a? she 12 2° at b? 44a! (3 2° a? 4-2 a6? 


9 xa? is, Be 


* 12 2° a‘ b? + 4a? bt (60a +208 
122° a + 407 b* . 
* % 


‘Divide the next term by the divisor. This gives 2.6’ for 
the next term of the root. Raise the whole root then to the 
second power and subtract it. Or, which is the same thing, 
since the second power of the first term has already been sub- 
tracted, write the quantity 2 a’ at the right of the divisor as 
well as in the root. Multiply the whole divisor as it then stands 
by the last term of the root. This produces the terms corre- 
sponding to 2ab + 6°, = 6 (2a -+ 6) of the formula. This pro- 
duces 12x’ a‘ b” 4+- 4a’ 6*, which being subtracted, there is no 
remainder. Consequently the root is 3a’ a°+ 2a? or — 
32° a*—2ab’. The second power of both is the same. If 
the double sign had been given to the first term of the root, the 
second would have had it also, and the positive and negative 
roots would have been obtained together. 


Let it be required to find the 2d root of 
36 a’ m' —60 ab m’ + 25 0°. 
36.4? m‘ — 60.ab m? +. 258? (6am? —5b 


36 a’ m* - mn ¥ 
ae — 60 ab m? + 25 0? (12 am? —5 6 
. » FP a Gad m? + 25 F 
Bigot ae 88 


‘tty 
The process in this case is the same as in the last example. 
The second term of the root has the sign — in consequence of 
the term 60 a 6 m* of the dividend being affected with that sign. 
If the quantity had been arranged according to the powers of 
the letter 6, thus, 25 4” — 60 a6 m?® + 36 a’ m‘, the root would 
have been 56— 6am? instead of 6 a m2 —5 6. Both roots 
are right, for the second powers of the two quantities are the 
* 
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& 
same. The second power.a— d is the samé as that of 6 — a. 
One is the positive and the other the negative root. If the dou- 
ble sign be given to the first term of the. root, both results will 
be produced at the same time in either arrangement. . 


25 b° — 60 ab m’* +36 0° m* (+ oa? 
2508 


* —60abm + 360° m* (+ 100.>- 6 am’ 
—60abm® Lb 36 a? m! 


Pe 


In dividing — 60 abm? by + 104, both signs. are changed, 
the ite. , and the — to +. This gives to the second term 
the sign ==. The first value is 5 6-6 am?, and the coconuts is 
6am? — 5b: 

When the quantity whose second root is to be found. con- 
sists of more than three terms, it is not the second power of a 
binomial, but of a quantity consisting ‘of more than two terms 
Suppose ‘the root to consist of the three:terms m +n +p. If 
we represent the two first terms m +2 by J, the expreaigen be- 
comes | + p, the second power of which is 


i? +21 p+ p?. F 


Developing the second power /? of the binomial m +n, it 
becomes m? + 2mn-+n2. This shows that when the quantity 
is arranged according to the powers of some letier, the second 
root of the first term will be the first term m of the root. Lf m2? be 
subtracted, and the next term be divided by 2m, the next term 
- nof the root will be obtained. If the Segond power of m+n 
or /? be subtracted, the remainder. willbe 21 p + p?. If the 
next term 2/ p be divided by 27 equal, to twice m + n, the 
quotient will be p, the third term of the root. The same prin- 
ciple will extend to any number of terms. 


It is required to find the second root of aati 


4 a’ i 12a 2 +13 a 2 +00." 4+ 2. 
Let this be disposed according to the powers of a or of x. 


& 
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a+ Gad?-- 1S ata’ + 120° + 4a‘ (a + Sax +4 2a* root. 


—— Ist dividend. > 
* 6a + ee Y? (2xe°-+ 3ac Ist divisor. 
6axn + ca a 


% 


2d divid. * 4a? 2° + 12a@x-+4a* (22° yen oe 2d. di 
Aw 4+ 120 +44 


ae * * 
The process is so similar to that of numeral. quantities that 


it needs no farther explanation. — ae 


The double sign need not be given to the terms during the 
operation. All ‘the signs may be changed when the work is 
done, if the other root is wanted. This will seldom be the 
‘case when all the terms are positive ; but when some of the 
terms are negative, if itis not known which quantities are the 
largest, the negative root is as likely to be found first as the 
positive. When this happens the positive will be found by 
shanging ail the signs. 


Examples. 


1. What is the second root of 
5 site SGM ee ot + a+4ax'? 
What is the second root of %- 


Oo 


32° Lp sis? 
Ay salto Pius —2 2°? 
°) eaeae as 


3. What is the second: reo of 
OD 1 424 aD et his Ra a 

4. What is the second root of 
a? +200 + 252° ye 4428 41024 40489 


a 


y 
ah s 
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XXXVIII. Betraction of the Roll of Compound Quantities 
of any Degree. 


By examining the several powers of a binomial, and observing 
that the principle may be extended to roots consisting of more 
than two terms, we may derive a general rule for extracting 
roots of any degree whatever. 


(a+r) => a+ea 
a+@e@ 
@+tax 
— ax+a2 


(aa) = +2004 ae 
ate 
@+2e¢@r+ax’ 
art 2ax + 2° 
(a-+-a2)P=a+3e0r+3ax°+2° 
ata 
a+3e0ec4+302+025 
Cet+3art+d3ax’ + x 


(a+ a) =at+40r+ 6a? +402 + <4 
Jie yeaa : 

@+4atet ban +4atet tant 
a art 4a +608’? + 4074+ 2° 


er ae =a’+i5a w+ 100° 2! + 100° a? + 5 ax" + a° 


By examining these powers, we find that the first term 1s the 
first term of the binomial, raised to the power to which the bi- 
nomial is raised. The sevmnd term consists of the first term 
of the bmomial one degree lower than in the first term, multi- 

‘17 
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plied by the number expressing the power of the binomial, and 
also by the second term of the binomial. ‘This will hereafter 
be shown to be true in all cases. 

The application will be most easily understood, by a particu- 


lar example. ; * 
074 


Let it be required to éxtract the 5th root of the Rentity 


32 a°— 80a° ot 80 a’ b— 40 at abel bY? — 6° (2 a? —B* 
32 a ig 


we! 
& 


Dividends 
* —. 80 a® 6° - 80 a® divisor. 


aoa 


The quantity being arranged according to the powers of a, I 
seck the fifth root of the first term 32 a’°. It 4sj2 a’. This I 
write in the place of the quotient in division. sat | subtract the 
fifth power of 2 a’, which is 32 a'®, from the whole quantity. 
The remainder 3 is ze 


— 80a* b? + 80 a? b° — &e. . 


- The second term of the fifth power of the binomial a + 2 
being 5 a‘ x shows that if the second term in this case be di- 
vided by five times the 4th power of 2 a’, the quotient. will be, 
the next term of the root. The 4th power of 2 @ is 16 a® and 
5 times this 80 a®. Now — 80 a® 6° being divided by. 80 a8 
gives — 1° for the next term of the root. Raising 2 a? — 0° 
to the fifth power, it produces the quantity given. If the root 
contained more than two terms it would be necessary to sub- 
tract the 5th power of 2 a’ — l* from the whole quantity ; and 
then to find the next term of the root, divide the first term of 
the remainder by five times the 4th power of 2 a? — b°. The 
first term only however would be-used which would be the 
same divisor that was used the first time. : 

When the number expressing the root has divisors, the roots 
may be found more easily than to extract them ‘directly. The 
second root of a* is a’, the second root of which is a. Hence 
the 4th root may be found by two extractions of the second 
root. The second root of a° is a, or the 3d root of a® is a’. 
Hence the 6th root may be fe und by extracting the 2d and 3d 
roots. The Sth root i is found by. three extractions of the 2d 
root, &c. mae 


sxe 


y 


—— © 
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Examples. sie 


1. What is the 3d root of | 
sa! + 2° — 40.2% 4 96 7— 64? 


2. What is the third 1o6t at | , 
15 a 468 a? 6 8900 1S ET? 
3. What is the 4th foot of ~ 
216 a 2° — 2600+ 812+ 16a! —%6 a x? 
4. What is the 5th root of = 
80 x! — 40.2" + 3208 —802*—1+4 102? 


ry 


XXXIX. Extraction of the Roots of Nuineral eres of any 
Degree. % 


By the above expression of the several powers, we may ex- 
tract any root of a numeral quantity. Let us take a particular 
example. 


wp is the 5th root of 5,443,532,400,000 ? 


“In the first place we observe that the 5th. power of 10 is 
“100000, und the 5th power of 100 is 10000000000. Therefore 
if the root contains a figure in the ten’s place, it must be sought 
among the figures at the left of the. first five places counting 
from the right. Also if the root contains a figure in the hun- 
dred’s place, it must be sought at the left of the first ten figures. 
This shows that the number may be divided into periods of 
five figures each, beginning at the right. ‘The number so pre- 
pared will stand . Hes 


Wes F) 


aay 


544,35324,00000 (340 


“a 243 
tt —- Ee &j 
Dividend. 3083.5: (405 Divisor. 
os 544 353247 ~ ae 

ee ans 


= | 00000 
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In the first place I find the greatest 5th power in 544. Itis 
243, the root of which is 3. | I write 3 in the root, and subtract 
243, the 5th power of 3, from 544. The remainder must con- 
tain 5atr+10a°2?+,&c. The 3, that part of the root al- 
ready found, and which, by the number. of periods, must be 
300, answers to a in the formulas 5 a’, that is, five times the 
fourth power of 300 will form only an approximate divisor, 
since the remainder consists of several terms besides 5 a* x; 
still it will enable us to judge very nearly, and we shall find 
the right number after one or two trials. As the fourth power 
of 30 will have no*significant figure below 10000, (we may 
consider 3 to be in the ten’s place, with regard to the next 
figure to be found,) we may bring down only one figure of the 
next period to the remainder for the dividend, and use 5 times 
the fourth power of 3 for the divisor. The dividend is 3013 
and the divisor 405. The dividend contains the divisor at 
least 6 times, but probably 6 is too large for the root. Try 5. 
This gives for the first. two figures 35. Raise 35 to the 5th 
power and see if it is equal to 544,35324. It will exceed it. 
Therefore try 4. The fifth power of 34 is 544,35324. Hence 
34 is right. Subtract this from the number, there is no re- 
mainder. There is still another period, but it contains no -sig- 
nificant figure, therefore the next figure is 0, and the root is 
340. The 5th power of 340 is 5,443,532,400,000. If there 
had been a remainder after subtracting the 5th power of 34, it 
would have been necessary to bring down the next figure of 
the number to it to form a dividend, and then to divide it by 5 
times the 4th power of 34 ; and to proceed in all respects as 
before. ssi - 

The process of extracting roots above the second is very te- 
dious. A method of doing it by logarithms will hereafter be 
shown, by which it may be-much more expeditiously per- 
formed. ' 


Examples. 
a 
1. What is the 5th root of 15937022465957 ? 3 : 
2. What is the 4th root of 36469158961 ? ae 


For this, the fourth root may be extracted directly, or it may 
be done by two extractions of the sécord root. Let the learner 
do it both ways. we 
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3. What is the 6th roct of 481890304 ? 


This may be done by extracting the 6th root directly, or by 
extracting first the second and then the third root. Let it be 
done both ways. 


4. What is the 7th root of 18492928512 ? 
XL. Fractional Exponents and Irrational Quantities.’ 


The method explained above, Art. XXXVI, for extracting 
the roots of literal quantities, gives rise to fractional exponents, 
when they cannot be exactly divided by the number expressing 
the root. Since quantities of this kind frequently occur, ma- 
thematicians have invented methods of performing the differ- 
ent operations upon them in the same manner as if the roots 
could be found exactly ; and thus putting off the actual ex- 
tracting of the root until the last, if it happens to be most con- 
venient. Tbe expressions also may often be reduced to others 
much more simple, and whose roots may be more easily found. 

It has been already observed that the root of a quantity con- 
sisting of several factors, is the same as the product of the 
roots of the several factors. 


Hence (a°b’)® = (a). (6)* =a? 
(@)? = (ay. (@* = @?. (@?. @? 
— a: a: ae ( 2 = al? — at. 


=4.4 
- We see that the same expression may be written ina great 
many different forms. The most remarkable of the above are 


3 ltd 


a? =a 


_ Qn this principle we may actually take the root of a part of 

the factors of a quantity when they have roots, and leave the 
roots of the others to be taken by approximation at a conve- 
_ nient time. 


i The quantity (72 a bc)? may be resolved into factors thus. 
(2x 36 a2 ab'bc)? = (36. ab). (2ab c)?. 
= 7 * 


f - i ” ~~ 
Rp i ae A koi 
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The root of the. first factor 36 a’ &* can be found exactly, 
and the expression becomes 


6ab? (2ab oj. 
This expression is much more simple than the other, for now 


it is necessary to find the root of only 2 a6 c. 
The expression might have been put in this form, 


(ray? a? 26% & — (36.2)? al? 072 & — 6.23 aat bb? ct 
ahah Gabor 
Examples. 
1. Reduce (16 a’ ty to its simplest form. 
: Ans. 20° (2 at by? 


2. Reduce (04a x) to its simplest form. 
1S am 
147 6° 


3. Reduce (5 ‘yt to its rupee form. 


73 (53 a 


4. Reduce (16 a’ 6° +- 32 a 6° m2 to its simplest form. 
(16 a? B + 32 at bm)? = (160°L')? (a9 +26 my 
Ans. 4ab(ab° +26 m)2 : 


135a*a*--108 a’ 2° c° ae 
cea ;——— } to its'simplest form. 
64 m? n° ) 
Sometimes it is convenient to multiply. a root by another 
quantity, or one root by another. 


5. Reduce ( 


‘Tfit is required to multiply (3 a? Dy by a6, it may be express: ; 


ed thus: ab (3 a? b)2. But if it is required actually to unite 
them, ab must first be raised to the second p ee the pro- 


XL... Fractional Bre oents. 199 


duct becomes (3 at B38), This will appear more plain in the 
following manner, 


(3 abt = 3? a ef 
This multiplied by a is 
sab? x ab = 3? a be —3t a bt = (30d). 


If instead of enclosing the quantity in the parenthesis and 
writing the exponent of'the root over it, we divide the expo- 
nent of all the factors by the exponent of the root, all the ope- 
rations will be very simple. 


Let a? be multiplied by a. 


me Ka ig? gts = a? dis 
as BF x We GF z= neta pets So 5. 


That is, multiplication is performed on similar quantities by 
adding the exponents, as when the exponents are whole num- 
bers. In like manner division is performed by subtracting the 
exponents. 


2. on : 
It must be observed that a® may be read, the third root of the 
second power of a, or the second power of the tard root of a. For 


Be dacs 
the 3d root of a? is a? ; and 


ae x a = qh tt — a. 
The 3d power of a® is 
; aé x at PN BOON Sack ga! (ea ald =a? 


That is, a power of a root may be fouod by multiply- 
ing the fract onal ate by the exponent of the power. 


Se, 
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Consequently a root of a root may be found by dividing the 
fractional index by the exponent of the root. In multiplying 
and dividing the fractional exponents, we must apply the same 
rules that we apply to common fiactions. 


era Sek 
The 3d root of a® is a°. 
5 


. The 3d root of a? is a 


The 5th root of a® b* is ee bz, 
If the numerator and denominator both be multiplied or di- 
vided by the same number, the value of the quantity will not 


be altered; for thatis the same as raising it to a power, and 
then extracting the root. 


i 
1 


alo 
e 


= =4 


If it is required to multiply a? by a, the fractions may be 
reduced to a common denominator and added: thus, 
2 4 4 3 fl jie al 
OBER GOS cet hs KALB ne EO OND O5° 


The same may be done in division and the exponents sub- 
tracted. 


z 21 
a a® oi Ngee YL) 1a, 
==> = zig t 
2 16 
a> a* 
3 is 
4 1 a Spee § a Te 
Wie Ee ee gl Peg ees 4 
5 20 i 
a>. a? av 


In fact, quantities with fractional exponents. are subject to 
precisely the same rules, as when the exponents are whole 
numbers ; but the rules must be applied as to fractions. The 
fractions may be reduced to decimals without altering the 


value ; thus 
ats ght = gio ee x02 BR a 


2 5 
=a x.als x qieo, ’ 
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It is very important to remember how these quantities may 
be separated into factors. Since multiplication is performed 
by adding the exponents, and division by subtracting them, any 
quantity may be separated into as many factors as we please, 
by separating the exponent into parts. Thus, 


e=-e@x@=axdad=axdxe 

2 Ef . 4 4 a a 

=e XO" a KO Ka XA a 
The sum of all the exponents in the last expression is 5. Lo- 
garithms are of the same nature as these exponents, and afford 
as great a facility in operating upon numbers, as these do upon 
letters. And the operations are performed in the same way, 

as will be explained hereafter. 

Tf the learner should ever have occasion to read other trea- 


tises on mathematics, he will generally find the roots express- 
ed by what are called radical signs. The second root is ex- 


3 . 
pressed with the sign 4/— , the third root a/ the same sign 
° r ° | pase 
with the index of the root over it. The 4th root is 4/~ , &e. 


ree , 
Gye 

P= 

qe 4 —— 

af Safa 

ss coe 

A aellD Wie od 


: oe ns es 
23 GM? = / 2a; Ke. a4 


They will be easily understood if the radical sign be removed, 
and the exponents divided by the index of the root or the quan- 
tity enclosed in a parenthesis, and the. root written over it. 


4 —____ 
The expression 4/5 a’ 6° becomes 
st gt Bia (5D. 


‘The expression rf é + 0 is equivalent to (a + 2 


a 


a 
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XLI. Binomial Theorem. : 


It has already been remarked that the powers of any quanti- — 
ty are found by multiplying the quantity into itself as many ~ 
times, less one, as is expressed by the exponent of the power. 
Sir Isaac Newton discovered a method, by which any quantity 
consisting of more than one term may be raised to any power 
whatever, without going through the process of multiplication. 

The principle on which this method is founded is called the 
Binomial Theorem. Its use is very important and extensive in 
algebraic operations. 

_ Next to quantities consisting of only one term, binomials, or 
quantities consisting of two terms, are the most simple. 

Let a few of the powers of a + « be found and their forma- 
tion i to. 


ate 


a+azr 
ant x 
(a+-a)? = ao +2an+2° 
* a+ez 
a+2erx+tax’ 
- @xext2axe’?+x° 
(a+eyP= a&+4+3e¢2e+43a2r?+ 2° 
| ate 
a a+ 3e0r+3a 2 +az* 
ih Cae ae 
(a+x)'= a+4e@ e+ 6a' x! + 4a 4 at 
Ones 


« ab +4 a! r+6a@e + 40°? 2 +a2* 
aeot4aae+6a lee oe 


(a+2)' = &p5atr+ 10a e+ fOata? 4+ 5axt+2 


e 


« 
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The law of the formation of the literal part is sufficiently 
manifest. : 
In each power there is one term more than the number de- 


noting the power to which it is raised.» The first. power. con- 


sists of two terms, the second power of three terms, the third 
power of four terms, &c. 7 

In every power q is found in every term except the last, and 
xis found in every term except the first. The exponent of a in 
the first term is the same as the exponent of the power to 
which the binomial is raised, and it diminishes by one in each 
succeeding term. | 

~The exponent of x in the second term is 1, and it increases 
by one in each succeeding term, until in the last term it is the 
same as that of a in the first term. : 

The law of the coefficients is not so simple, though it is not 
less remarkable. 

The coefficients of the first power, viz. a 4- x, are 1,15 those 
of the second power are 1,2, 1. ‘These are formed from the 
first as follows. When a is multiplied by a, it produces a’, 
and no other term being produced like it, there is nothing add- 
ed to-it, and it remains with the same coefficient as the a in the 
maultplicand. In multiplying « by a and afterward a by a, 
two similar terms are produced, having the coefficients of the 
@ and x in the multiplicand, viz. 1 and 13; and the addition of 
these forms the 2. The other 1 is produced like the first. 

The coefficients of the third power are 1, 3, 3,1. The 1s 
are produced from the second power, as those of the second: 
power are produced from the first. In multiplying 2 aa by a, 
the term produced is 2 a? x, having the coefficient of the se-~ 
cond. term of the multiplicand ; and in multiplying a’ by x, the 
term produced is a’ 2, similar to the last, and having the coeffi- 
cient 1 of the first term of the multiplicand. The addition of 
the coefficients of these two terms produces the 3 before a’ x. 


That is, the coefficient of the second term of the third power is 


formed by adding together the coefficients of tne first and se- 
cond terms of the second power. In the same manner it may 
be shown, that the coefficient 3 of the third term of the third 
power is formed by adding together the coefficients of the se- 


cond and third terms of the second power. 


The following law will be found on examinat:on to be ge- 
neral. ‘ 


‘oes 


* 
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The coefficient of the first term of every power is 1. The 
coefficient of the second term of every power is formed by add- 
ing together the coefficients of the first and second terms of 
the preceding power. ‘The coefficient of the third term of 
every power is formed by adding together the coefficients. of 
the second. and third terms of the preceding power. The co- 
efficient of the fourth term of every power 1s found by adding 
together the coefficients of the third and. fourth terms of the 
preceding power. And so of the rest. 

This law, though perhaps sufficiently evident by inspection, 
may be easily demonstrated. o 

Suppose the above law to hold true as far as some power 
which we may designate by n. The literal part. of the nth 
power will be formed thus. 

OO GE GN OE we ooo ant, 

We cannot write all the terms without assigning a particular 
value to n. We can write a few of the first and last. The 
points between show that the number of terms is indeterminate ; 
there may or may not be more than are written. 

Suppose that A is the coefficient of the second term, B that 
of the third, &c. and let the whole be multiplied by a + a, 
which will produce the next ngher power, or the (n-+- 1)th | 
power. ; 
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Lheorem. 


Binomial 
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In this result we observe that the exponents of both a and x 
are increased by 1 in each term, and there is still one term 
without v and another witout a. Before the terms of the pro- 
duct were added, there were twice as many terms in the pro- 
duct as in the multiplicand, but they have all united two by 
two except the first and Jast. The terms C a x! and Fa’ 
x" have not united with any-others, but it is evident that they 
would have done so, if all the terms could have been written. 
There is then one-more term in this power than in the last. 

The coefticient of the first term is still 1.. That of the se- 
cond is the sum of the coefficients of the first and second terms 
of the multiplicand, viz. 1+ A. ‘That of the third 1s the sum 
of the coefficients of the second and third terms of the multi- 
plicand, viz. A + B; &c. 

The above formula shows that if the law above mentioned is 
true for one power, it will be so for the next higher power. 
We have seen that it is true for the 5th power, therefore it will 
be true for the 6th ; being true for the 6th, it will be so for the 
7th, &c. : 

Let the coefficients of several of the first powers be written 
without the letters, forming them by the above principle. 


First observe that (a +)? = 1. 

Adding 0 to this 1 gives 1, and then 0 again on the cther 
side gives 1. Hence we have 1, 1 for the coefficients of the 
first power. RAE 

Adding 0 to the first 1 gives 1; adding 1 and 1 gives 2, and 
then 1 and O are 1. Hence the coefficients of the second pow 
er are 1, 2, }. ee as : 

Again, 0-4-1 = 13 Leap ea 3; 2+1=3; 1+0=1. 
Hence 1, 3, 3, 1 are the coefficients of the third power. 

Again, O+1=13;14+3=4373+4+3=6;3+1=4; 
andl+0O=1. Hence 1, 4, 6, 4, 1 are the coefficients of the 
fourth power. eee 


Again, O +} 1=1;144=5;4+6=10; 6+4=10; 
4+i=5;and1+0=1. Hence }, 5, 10,10, 5, 1 are the 
coefficients of the 5th power, &c. 


> 


eS Seis ie 


a 
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The Cuefficients of the first. Ten Powers. 


1 9 -36 (84 126 126 84 36 9 ds 


1 10. -45°" 120° 210:. 252° 210» 120... 546 10 t 


_ Here we observe that the first row of figures taken obliquely 
downward is the series of numbers 1, 1, 1, &c. 


The second row is the series of natural numbers, 1, 2,.3, 4, 
5, &c. whose differences are 1. 


The third row is the series 1, 3, 6, 10, 15, &c. whose differ- 
ences are the last series, viz. 1, 2,3, 4, &c. 


The fourth row is the series 1, 4, 10, 20, 35, &c. whose dif- 
ferences are the last series, viz. 1,3, 6, 10, &c. Each succes- 
‘sive row is a series, whose differences form the preceding row. 


We may observe farther that the coefficient of the second 
term of any power is the term of the series 1, 2,3, 4, &c. de- 
noted by the exponent of the power. That of the second pow- 
er, is the second term ; that of the third power, the third term ; 
that of the nth power, the nth term. But this being the series 
of natural numbers, the number which denotes the place of the 
term is equal to the term itself, so that the coefficient of the 
second term will always be equal to the exponent of the 
power. 


The coefficient of the third term of any power is the term of 
the series 1, 3, 6, 10, &c. denoted by the exponent of the pow- 
er diminished by 1. That of the third power is the second 

, dy. 


me ‘gy Tce a 
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term, that of the fourth power the third term, that of the nth 
power the (n—1)th term, &c. 


The coefficient of the fourth term of any power is the term 
of the series 1, 4, 10, 20, &c. denoted by the exponent of the 
power diminished by 2. That of the fourth power is the se- 
cond term, that of the fifth power is the third term, that of the 
nth power is the (1 —2)th term. And so on as we proceed to 
the right, the — of the term in the series is diminished 
by 1. 


We may observe another remarkable fact, the reason of which 


_ will be manifest on recurring to the formation of these series 


We shall take the 7th power for an example, though it is equal- 
ly true of any other. 


The coefficient of the second term, viz. 7, is the sum of 7 


‘terms of the preceding series 1, 1, 1, &c. and wasin fact form- 


2d by adding them. 


The coefficient of the third term, 21, is the sum of the first 
six terns of the preceding series, 1, 2,3, &c. and was actually 
formed by adding them, as may be seen by referring to the for- 
mation. 


The coefficient of the fourth term, 35, is the sum of the first 
five terms of the preceding series, 1, 3, 6, 10, &e. and was 
formed by adding them. 


The same law continues through the whole. If now we can 
discover a simple method of finding the sums of these series 
without actually forming the series themselves, it will be easy 
to find the coefficients of any power without forming the pre- 
ceding powers. This will be our next inquiry. 


XLII. Pe ant of Sertes by Differences. 


It is not my purpose at present to enter very minutely into 
the theory of series. I shall examine only a few of the most 
simple of them, and those principally with a view. ef demon- 
strating the binomial theorem. 


A series by differences is several numbers arranged together, 
the successive terms of which differ from each: other by some 
regular law, ae 
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T call a series of the first order that, in which all the terms 
are ahke, asl, 1, 1, 1, &c: 3, 3, 3:3, &es a, a;.a,; a, &e. In 
these the difference is zero. 


The sum of all the terms of such a series is evidently found 
by multiplying one of the terms by the number of terms in the 
series. Every case of multiplication is an example of finding 
the sum of such a series. 

The sums of a number n of terms of any series a, a, a, &c. 
1s expressed 


When a = 1, it becomes s = - 


A series in which the terms increase or diminish by a con- 
stant difference, is called a series of the second order. As 1, 2, 
3, 4, 5, &c. 3,.6, 9, 12, &c. or 12, 9, 6, 3. A series of tire 
lind is formed on a fue of the first Ordon: The differences 
between the successive terms form the series from which it is 
derived. 


At present I shall examine only the series of natural num 
bers ly 2,:3, 4,5 2.2 %% the 


This series is formed as follows: 


o+i1i=1 
1+1=2 

ede dias la8 
Tis oe a 


Ltiti+1+1=5,é&c. 
The sum of any number n of terms of the series 1, 1, 1, 1, &c. 
is equal to the xth term of the series 1, 2, 3, 4, &c. 


Write down two of these series as follows and add the cor- 
responding terms of the two together. 
! C 2 aay 
$04” ve, Dy E 


Ay 
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1, 2 3; A piste ~ (men2)s (n—l,) n * 
n, (n—1),(n—2), (n—3)....4, 3 Des ehh 


(n-$1), (2-41), (m4), (n-41).-o(m-f1), (n+), (nH1),(a-+1) 


The 6th term of the series is 6, and it appears that 5 times 
6 will be twice the sum of 5 terms of the series. 


The (7 + 1)th term of the series 1, 2, 3, 4, &c. is m+ I. It 
appears that n times (n + 1) will be twice the sum of n terms of 
the series. 


The sum s’ of any number n of terms may be expressed 
thus. 


tlm ed) 
f-2 


It is frequently convenient to use the same letter in similar 
situations to express different values. In order to distinguish 
it in different places, it may be marked thus, s, s‘, s’’, s’”, which 
may be read s, s prime, s second, s third, &c. 

How many times does the hammer of a clock strike in 12 
hours ? 

In this example n = 12 n+1=138. 

be S 12 X18 re. Ans. 78 times. 
: 1x2 

The rule expressed in words is; To find the sum of any num- 
ber of terms of the series 1, 2,3, 4, &c. find the next succeeding 
term in the serves, and multiply it “by y the number of terms in the 
series, and divide the product by 2. 


The same thing may be proved in another form which is 
more conformable to the method that will be used for the Series 
of the higher orders. 


__ Snppose it is required to find the sum of the first five terms 
of the series. 


The sixth term of the series is the sum of 6 terms of the se- 
ries, 1, 1, 1, &c. thus 


lf141+14141= 6 


XLIL. 
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Let this series be written down five times,-one under the 
other, thus. 


b] 


b 
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If this series be divided by a line passing diagonally through 
it, so that the part below and at the left of the line may con- 
tain one term of the first Series, two of the second, three of the 
third, four of the fourth, and five of the fifth ; the terms so se- 
parated will form the first five terms of the series 1, 2, 3, &e. 
There will be the same number of terms above and at the nght 
of the line, which will form the same series, if the terms be 
added vertically instead uf horizontally. 


by 
| 
t, 1 

I 


pote 
Pate, Meee Cees partis Manta! 
It is easy to see that this serics continued to any number of 
terms will be formed twice over in this way, if the number of | 
series written under each other is equal to the number of terms 
required and the number of terms in each series exceed the 
number of terms by one. And the reason of it is manifest from 
the manner in which the two series are formed. 


Hence n times the series consisting of n + 1 terms of the © 
series 1, 1, 1, 1, &&c. will be twice the sum s’ of n terms of the 
series 1, 2, 3, 4, &c. 


That is, 2 s’ = n(n-$1) and = "FU, 


Se 


* 


oa 


fe 


_A series of the third order is one, the difference of the succes- 
sive terms of which is a series of the second order. I shall 
consider only the series formed from the series 1, 2,3 &c. 


Formation. 

O+1 =O) rs J 
142 Sage a hy, ees 
ee ee == So Soe 
tose Se 4 = 64+4=10 
1TAQ434+445 =10+525 


Li9 + 3a 5-+-6= 15 t6a-21, he. 


The first term of the series 1, 2, 3, &c. forms the first term ; - 
the sum of the first two terms forms the second; the sum of 
the first three forms the third term, é&c. and the: ais of n terms 
will form the nth term of the series 1, 3, 6, 10, &c. 


Let it be required to find the sum of the first five terms of 
the series 1, 3, 6,10, 15, 21, &c. © 


The sixth term of this series is the sum of the first 6 terms 
of the series 1, 2, 3, &c. 


1 = 6th term. 


Write this series five times one under the other, and draw a 
line diagonally so as to leave on the left and beluw, the first 
term of the first, the first two of the second, the ist’ three of 
the third, &c. ant the first five of the fifth. 


J 


» 5, 6 


summation of Series by Di ferences. 


The figures so cut off form the first five terms of the series 
1, 3, 6, 10, 15, &c. the sum of which we wish to find. It will - 
now bie cheer: that the sum .of the terms on the right and 
above the line, is equal to twice the sum of those below and 


at the left.. 


By the rule given above for feelings the sum of the series 1, 


2, 3, &e. 
The sum of 1 term, or 1 ast as a, 
“ 
The sum of 2 terms, or 1 + 2 aces 
The sum of 3 terms, or 1 -++- 2+ 3 ie = _< 
The sum of 4 terms,or1+2+4+3-+4+4 | = a. 
a Ss Bk Ou ae 
The sum of 5 terms, or1+2+4+3+44+5 = ee 
‘Hence 2(1)_ ; 
2(1+2) 3 
2(1-++2+3) 
2(1+24 34-4) 


2(14+24+3+4+4+5) =5x6> 


That is, the 2 is twice the 1, 

The two threes are twice (1 + 2), 

The three fours are twice (1 + 2-4 3), 

The four fives are twice (1+ 2-+3- 4), and 
The five sixes are twice. (1 +2-++3-++-4-+ 5). 


‘Since the part below the line forms the series whose. ‘sum js 
required, and the part above the line is equal to twice that be- 


low, both parts together are equal to three times the series 1, 


8,6, 10,15. Therefore if 21, which is the next term in the 


series, and which is also the sum of the series 1 Bo BAB iG. 


be multiplied by 5, the number of terms to be summed, and 


2 
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divided by 3, the quotient willsbe the sum. of the series’ re- 
 Ypquired. Bass 
It is easy to see that if the series 1,2, 3, ... (a + 1) be writ- 
ten n times and divided by a line like the above, the part be- 
low the line will form n terms of the series 1, 3, 6, 10, &e. 
And the. part above the line will be equal to twice the part be- 
low, because the sum of n terms of the series 1, 2,3, &c. is 


Therefore to find the sum of n terms of the series 1, 3, 6, 10, 
multiply the (x + 1)th term of that series by n and divide by 
3, and the quotient will be the sum required. 


But the (n + 1)th term of the series is equal to the sum. of 
(n-+.1) terms of the series 1, 2, 3,4, &c. The nth term of 


__ this series being pete, the (x + 1)th term will-be 
Voie (2+1) (n+2) 
ace LR Oo 


Si. Pere being multiplied hy », the number of terms, and divided 
by 3, gives — ae 


i n(n + 1)(n + 2) “es 
se 1x2 x 3 a 
a 
Hence the sum s” of 2 terms of the series will be expressed 


thus, 
pr — (n+ 1) (@+2) 
1 ASS4 Dior SK, 


A series of the fourth order is one, the difference of whose 
terms is a series of the third order. 


J shall at present consider only the one formed from the 


series 1, 3, 6, 10, 15, &e, 
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Formation. 
7 
OL = Odi 1 
143 = 14+ 3= 4 
14346 = 44+ 6=10 
Pes £64 10 = 10+ 10 = 20 
Fis 6 4210. 4- 15 = 204+ 15 = 35 


1+3464104+15 +21 =35+4+21=56 


The first term of the series 1, 3, 6, &c., is the first term of the 
new series ; the sum of the first two terms forms the second ; 
&c. the sum of terms will form the nth term of the new. 
series. 


It is required to find the sum of five terms of this series. 


The sixth term of this series is equal to the sum of the first 
six terms of the preceding. 


L+346+013 +215 xt aes 


Write this series five times, one under the other, and sepa- 
rate it into two parts by a line drawn diagonally in the same 
manner as was done with the last series. The terms below the 
line will form the series whose sum is required, and_ the terms 
above the line will be equal to three times those below. That 
is, the whole will be four times the sum required. 


15, 21 
15, 21 


15, 21 


15; 21 
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By the rule given above for finding the sum of the series |, 
3, 6, 10, &e. 


¢ 


The sum of one term, or 1 = = 
The sum. of two terms, or 1 + 3 = a set; 
The sum of three terms, or-1 + 3 + 6 = na = t0 
, 46 VRS 
The sum of four terms, or 1 + 3+ 6+ 10 = —2— = 20. 
: ¢ . oO 
5X 21 ay 
The sum = five terms, or 1+34+6+104-15 = ae = 35, 
The five 21s are 3 times G: +3+4 6 40.10) te 3S: 
The toile 15s are 3 times eg ai 3 7 6+ 10 
and so of the Test: Vane ee e. 
- By to see that this principle will extend to any number 


er 
aia the sum be n terms of the series 1, 4, 10, 
20, &c., multiply the (n + 1)is term of the series by n, and 
- divide tha product by 4, and tne quotient will be the sum re- 
we ee 


But the (n+ 1)th term of this series is equal to the sum of 
(n+ 1) terms of the preceding series. 
The nth term of the preceding series being 


n(n 4-1) (n+ r 2). 
1x2 SC Qaeese ee) 
the (n + 1)th term will be 
(a +1) (w+ 2) (n.+ 3). 
Lee: Qe 
This being multiplied by n and divided by 4, gives 


er MO 1) (+2) (9). 
UB. 4a ae aan a | 
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© 
XLII. The principle of Summing these series may he- 
proved generally as follows: 


beter, a: Gye, de. we l bea series of any order, such that 
the sum of n terms may be found by multiplying the (n + 1)th 
term by n, and dividing the product by m. If lis the (n + 1) 
th term, and s the sum of all the terms, we shall have by hy 
pothesis 


nl 
San ms. 21. 
m ss 


That is, x J will be m times the sum of i series. The next 
higher series will be formed from this as follows: ty 


1 é 
1+a 
1 +a 44,5 
oo piss i diet ik aa 
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~The first term 1 of the original series 1, a, 5, &c., forms the 
first term of the new series; the sum of the first two forras the 
second term; the sum of the first three forms the third term, 
&c., and the sum of (x + 1) terms forms the (n + 1)th term. 


Let the series forming the (n+ 1)th term, be written n 
times, cne under the other, term for term. And let a line be 
drawn diagonally, so that the first term of the first row, the 
first two of the second row, and n terms of the nth row may be “™ 
at the left, and below the line. 
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The terms below and at the left of the line, form n terms of 


the new series. 


It is now to be shown that.the terms above, 


and at the right of the line, are equal to m times those below, 


and, consequently, that the whole together are equal to m + 
1 times 7 terms of the new series. 


By the hypothesis 


The sum of one term, or | : 
The sum of two terms, or 1 +- a 
The sum of three terms, or 1 + a + 6 


The sum of four terms, or 1 + a+ 6+ c¢ 
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Multiplymg both members of the above equations by m: 


m. 1 =la 
m (1 + a) : — 
m(l + a- b) =3e 
m(1-+a+b +c) =4d 
m(l+a+b+e+d+...k) - =n 


Hence it appears, that a is m times 1; 2 bis m times (1 +a) 
&e.; andn/lismtimes (1 + a+6-+c+d4-....k); that 
is, the part above and at the right of the line, is m times the 
part at the left and below; consequently the whole, or n times 
the (n + 1)th term of the new series, will be (m +- 1) times 
the sum of n terms of the same series. 


We have already examined all the series as far as the fourth 
order, and have found the above hypothesis true so far. Let 
us suppose the series 1, a, 6, &c. to be a series of the fourth 
order, in which we have found that the sum of n terms may be 
obtained by multiplying the (n ++ 1)th term by a, and dividing 
the product by 4; in this case m is equal to 4. The series 
formed from this will be a series of the 5th order, and m + 1 
=4+1=5. Therefore by the above demonstration it ap- 
pears that the sum of n terms.of a series of the 5th order may 
be obtained by multiplying the (n + 1)th term by n, and 
dividing the product by 5. 

If now the series, 1, a, 6, &c., be considered a series of the 
5th order, m = 5andm+1=6. Hence the same princi- 
ple extends to the 6th order. 

If then we continue to make 1, a, 6, &c., represent one se- 


ries after another in this way, we shall see that the principle 
will extend to any order whatever of this kind of series. 


We have then this general rule ; 


To find the sum of n terms of a series of the order denoted 
by 7, derived from the series 1, 1, 1, &c., multiply the (n + 1)th 
term of the series by n and divide the product by r. % 


Also, the nth term of the series of the order r, is equal to the 
sum of x terms of the series of the order r — 1. 
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When the series is of the first order, the sum of-n terms is 

nl n 

One 

] il 


S 5 ee aad ome 
The sum of (n + 1) terms of this series is = This is 


the (n + 1)th term of the series of the second order. This 
multiplied by 2 and divided by 2 gives the sum cf n terms of 
the series of the second order: 
} n(n + 1) 
PC 
The sum of (++ 1) terms of the same series is 
(n $1) (n+2) 
PRES cae te 
This is the (n+ 1)th term of the, series of the third order. 


Tis multiplied by n and divided by 3 gives the sum of n terms 
a” this series: 


n(n +1) (n +2) 
DENS gD Se Coed 


The sum of (x + 1) terms of the last series is 
(n +1) (n+) (w+3) 
LX say Xe 


This is the (n + 1)th term of the series of the fourth order. 
This multiplied by n and divided by 4 gives the sum of n terms 
of the series of the fourth order : 


n(n +1) (n-+2) (n+) 
LK. DI PEO, 4 
Hence for the series of the order 7 we have this formula: 
m(n +1) (n+2)(n+ 3).. ere td) 
tS Bi OE TER Cae Lr 


We have examined only the series formed from the series 1 
1, 1, 1, &c., which are sufficient for our present purpose. The 
principle may be generalized so as to find the sum of any series 
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of the kind, whatever be the original series, and whatever be 
the first terms of those formed from it. 


XLIV. Binomial Theorem. 


Before reading this article, it is recommended to the learner 
to review article XUI. 


Let it now be required to find the 7th power ofa+a. The 
letters without the coefficients stand thus ; 


COO, 0 SON Cee OU, e's 


The coefficient of the first term we observed Art. XLI, is 
always 1. That of the second term is 7, the exponent of the 
power, cr the 7th term of the series 1, 2, 3, &c. 


The coefficient of the third term is the sixth term of the 
series of the third order 1, 3, 6,10, d&&c. which is the sum of six 
terms of the series 1, 2, 3, ‘&c. This sum is found by multi- 
plying the 7th term of the series by 6 and dividing the product 


by 2. But the 7th term is 7, the coefficient, last found. sd 
Deeg Bi 
2 


The coefficient is 21. 


The coefficient of the fourth term is tie 5th term of the 
series 1, 4, 10, dvc., or it is the sum of five terms of the Ds aa 
ing series. The sum of five terms of the series 1, 3, 6, &c., 
found by multiplying the 6th term by 5 and dividing the ie: 
duct by 3. The 6th term is the coefficient last found, viz. 21. 


The coefficient is 35. 


The coefficient of the fifth term is the fourth term of the 
series of the fifth order 1, 5, 15, &c., or it is the sum of 4 terms 
of the preceding scries. The sum of 4 terms of the series 1, 
4, 10, &c. is found by multiplying the fifth term of the series 
by 4 and dividing the product by 4. The fifth term is the co- 
efficient last found, viz. 35. s 

1S . 
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4X 33-55 
; | 


The coefficient is 35. 


The coefficient of the 6th term is the 3d term of the series 
of the sixth order, which is the sum of 3 terms of the series of 
the 5th order. ‘The sum of 3 terms of this series is found by 
multiplying the 4th term by 3 and dividing the product by 5. 
The 4th term is the coefficient last found, viz. 35 


3 X39 1. 
5 
The coefficient is 21. 


The coefficient of the 7th term is the 2d term of the series 
of the 7th order, which is the sum of two terms of the series of 
the 6th order. ‘Ihe 3d term of this series is the coefficient last 
found, viz. 21. 


21. 


The coefficient is 7. 


The coefficient of the last term is 1, though it may be found 
by the rule 


* Lee =—- Je 
7h 

Hence the 7th power of a+ 2 is 
H4+78 ota +35 a+ 350 et +2 aa +Tae pe’ 

Examining the formation of the above. coefficients, we ob- 
serve, that each coefficient was found by multiplying the cocf- 
ficient of the preceding term by the exponent -of the leading 
quantity a in that term, and dividing the product by the num- 
ber which marks the place of that term. Thus the coefficient 
of the third term was found by multiplying 7, the coefficient of 
the second term, by 6, the exponent of ain the second term, 
and dividing the produet by 2, the number which marks the 
place of the second term. This will be true for all cases, be- 
cause that exponent must necessarily show the number of terms 
of which the sum is to be found; the coefficient will always be 


ee 
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the term to be multiplied, because the number. of terms al- 
ways diminishes by 1 for the successive coefficients, and the 
place of the term always marks the order of the series of which 
the sum is to be found.~ 


Hence is obtained the following general rule. 


Knowing the coefficient of any term in the power, the coefficient of 
the succeeding term is found by multipbyng the coefficient of the 
known term by the exponent of the leading quantity in that term, 
and dividing the product by the number which marks the place of 
that term from the first. 


The coefficient of the first term, being always 1, is always 
known. Therefore, beginning with this, all-the others may be 
found by the rule. 


It may be farther observed, that the coefficients of the last 
half of the terms, are the same as those of the first half in an 
inverted order. This is evident by looking at the coefficients, 
page 207, and observing that the series are the same, whether 
taken obliquely to the left or to the right. 


It is also evident from this, that a+ x is the same as @ + a, 
and that, taken from right to left, x is the leading quantity in 
the same manner as a is the leading quantity from left to 
right. 


Hence it is sufficient to find coefficients of one half of the 
terms when the number of terms is even, and of one more then 
half when the number is odd. The same coefficients may then 
be written before the corresponding terms counted from the 
right. 


| In the above example of the 7th power, the coefficients of 
| the first four terms being found, we may begin on the right, 
/ and put 7 before the second, 21 before the third, 35 before 
_ the fourth, and then the power is complete. 


po % 
Sua Examples. 

| 1. What is the 7th power ofa-+a? 

: Ans. a +7a°o + Qla’a® + 35 atx? 4+ 85a? xt + 21 a? a? 

: +7a2° +2", 
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2. What is the 10th power ofa-v? 
Ans. a + 10a o + 4508 2? + 1200"? + 210 a2" +. 
2a xv + 20a xe + 120a 2’ + 45a a +1002? +2". 
3. What is the 9th power of a+ 6? 
4. What is the 13th power of m+n? 
5. What is the 2d power of 2a¢ +d? 
Make 2ac= 6. 
The 2d power of b+ dis b? + 2bd+a@. 


Putting 2 ac the value of 6 into this, instead of 6, observing 
that 0? = 4 a’ c’, and it becomes 


47 c¢°+4acd+d’. 

§.. What is the 3d power of 3 c°+ 26d? 

Make a=3c’ anda = 206d. 

The 3d power ofa+visa?+ 3a’ w--3ax* +a’. 

Put into this the values of a and @ and it becomes 

274+ 54cbd + 36eRE +8b a, 

which is the 3d power of 3 c? + 26d. 

7. What is the 3d power of a—6? 


Make x = — 8, then having found the 3d. power of a+ x 

put — 0 in the place of x and it becomes 
Bie Ra Oe mie Oey 
which is the 3d power of a — 0. 

In fact it is evident that the powers of a—d will be the ~ 
saine as the powers of a + 6, with the exception of the signs. — 
It is also evident that every term which contains an odd power 
of the term affected with the sign — must have the sign — 


and every term which contains an even power of the same 
quantity must have the sign +. 


8. What is the 7th power of m—n? 

9. What is the 4th power of 2a—bc?? 
10. What is the 5th power of a&c—2c*? 
Ene we ‘ cet 
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11. What is the 3d power of a +6+¢? 
Makem=6-+¢. Thenat+m=atb+e. 
The 3d power of a + m is a +3.’ m +- 3am? +m’. 
Butm=b +c, m=? +2be+ c?, and ; 
m=F+30?ct+3b6E0+c. 


Substituting these values of m, the third power ofa+b+c¢ 
will be 


a’+3a°b+ 3a’c+ 3ab°+6abc+3a°+8+43¥c+3bE+e. 
12. What is the 3d power of a—b +c? 
Make a —b = m, raise m +c to the 3d power, and then sub 
stitute the value of m. 
Ans. «° —3 a°b + 3a?c+3ab?’—6abe+3acP—bB’.... 
+3c—3bC+6¢; 
which is the same as the last, except that the terms which con- 
tain the odd powers of 6 have the sign —. . 


Hence it is evident that the powers of any compound quan- 
tity whatever, may be found by the binomial theorem, if the 
quantity be first changed to a binomial with two simple terms, 
one letter being made equal to several, that binomial raised to 
the power required, and then the proper letters restored in their 
places. 


13. What is the 2d power of a+ b+ c—d? 


Ans. + 20b+842ac+ 2he—2ad—2bd+c... Me 


_—I%cd+d. 

14, What.is the 3d power of 2a —b + ¢?? 
15. What is the 7th power of 3 a° — 2a’ d? 
16. What is the 4th power of 7 6? + 2c—d°? 
17. What is the 13th power of a* — 2 b?7 
"148 What is the 5th power of o? —c— 2d? 
19. What is the 3d power ofa —2d+ cd? 
20. What is the 3d power of a— 6 —2 c? —d*? 
21. What is the 5th power of 7 a? 6° — 10 a° ?? 


A 

g 
. 
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XLV. The rule for finding the coefficients. of the powers of 
binomials may be derived and expressed more generally as 
follows : ; ; 


It is required to find the coefficients of the nth power of 
a+ oc. 


It has already been observed, Art. XLI., that the coefficient 
of the second term of the nth power is the nth term of the se- 
ries of the second order, 1, 2, 3, &c., or, the sum of n terms 
of the series 1, 1, 1, &c.; that the coefficient of the third 
term is the sum of (2 — 1) terms of the series of the second 
order; that the coefficient of the fourth term is the sum of 
(n — 2) terms of the series of the third order, &c. So that 
the coefficient of each term is the sum of a number of terms 
of the series of the order less by one, than is expressed by the 
place of the term ; and the number of terms to be used is less 
by one for each succveding series. 


By Art. XLII. the sum of n terms of the series 1, 1, 1, is 


n « 
1. The sum of (n — 1) terms of the series of the second 
order is 


n(n —1) 
rx 2 


The sum of (n — 2) terms of the series of the third order is 


ee te) 
H n — gn nm gn pair wae 
ence (a + 2) say Be: veh Gree ar tg 
-2G=N6—9) 45 ig, ee 


1K 2S RS 
It may be observed that » is the exponent of a in the first 


term, and that n or its equal ” forms the coefficient of the se- 
cond term. A i 
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The coefficient of the third term is F multiplied by = 
multiplied by (n — 1) and divided by 2. But (g — 1) is the 
exponent of a in the 2d term, and 2 marks.the place of the 


or 


second term from the left. Therefore the coefficient of the — 
third term is found by multiplying the coefficient of the second. 


term by the exponent of a in that term, and dividing the pro- 
ag by. the number which marks the place of that term from 
the left. 


By examining the other terms, the following general rule 
will be found true. 


Multiply the coefficient of any term by the exponent of the lead- 
ing quantity in that term, and divide the product by the number that 
marks the place of that term from the left, and you will obtain the 
coefficient of the next succeeding term. Then diminish the exponent 
of the leading quantity by 1 and increase that of the other by 1 and 
the term is complete. 


By this rule only the requisite number of terms can be ob- 
tained. For x, which is properly the last term of (a + a)", 
is the same as a? a”. If we attempt by the rute to obtain ano- 
ther term from this, it becomes 0 X a~' x ™*’ which is equal to 
zero. 


‘It has been remarked above, that the coefficients of the last 
half of the terms of any power, are the same as those of the 


first reversed. This may be seen from the general expression: 


j "6 —1 6 —2 5 
fn et then 6 obs Be Se BT SP 
ae Os aa 2°73 3? 
eB, Ace, m—4_3,n—5_2, 
AEE SERRE aie et Bare. ie 6 6” 
n—6_ 1 
ae 


‘This furnishes the following fractions, viz. 


FOr Ou Nemes Aes 4 
a) 32-3) 22 59-62 TF 
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The fist of these is the coefficient of the second term; the 
coeflicient of the second multiplied by £ forms the cocfficient 
of the third term, &c. + 

e 
7% 8=21. 21% 5 = 35. 


1 2 


Now 35 multiplied by 4 = 1 will not be altered ; hence two 
successive coefficients will be alike. 21 multiplied by 2 pro- 
duced 35; so 35 multiplied by 2 must reproduce 21. — In this 
way all the terms will be reproduced ; for the last half of the 
fractions are the first half inverted. 


This demonstration might be made more general, but it is 
not necessary. 


XLVI. Progression by Difference, or Arithmetical Progression. 


A series of numbers increasing or decreasing by a constant 
difference, is called a progression by difference, and sometimes 
an arithmetical progress:on. 


The first of the two following series is an example of an in- 
zreasing, and the second of a decreasing, progression by dif- 
erence. 

5 SL Se ee Oo ee ae 
50, -45, 40; 353° 90, 95," 201s om 

It is easy to find any term in the series without calculating 

the intermediate terms, if we know the first term, the common 


difference, and the nuinber of tnat terin in the series reckon’d 
from the first. 


Let a be the first term, r the common difference, and n the 
number of terms. The series is 


aa+ra+2ra+t 3r....a+(n—2)r,a+ (n—1)r. 


The points -). 2. are used to show that some terms are left 
out of the expression, as it is impossible to express the whole 
until a particular value is given to n. 


Let / be the term required, then 


a l=a+(n—I)r. 
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| 

> Hence, any term may be found by adding the product of the 
common diffcrence by the number of terms less one, to the first 
term. 


Example. 


What is the 10th term of the series 3, 5, 7, 9, &c. 
In this 2 = 3, * =2, and n—1.=—9. 
p38 4 Oe Ol. 


In a decreasing series, r is negative. 


Example. 


What is the 13th term of the series 48, 45, 42, &c. ? 
a= 48, r = — 3, and n—1 = 12. 
[ans 12) AS 3G 12; 
Let a, b,c, be any three successive terms in a progression by 
difference. 


By the definition, " 
b—a=c—b 

, 2b=a+c 

br. 

| 2 


| That is, if three successive terms in a progression by differ- 
~ ence be taken, the sum of the extremes is equal to twice the 


mean. 
Example. 


Let the three terms be 3, 5, and 7. 
2% Sawa 3 = 10. 
Example 2d. Let 7 and 17 be the first and last term, what 
is the mean ? = 


‘20 


hal 
ee 
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Let a, b, ¢ d, be four successive terms of a progression by 
différence. 


b—a=d—c 
bt+c=a+d. 
That is, the sum of the two extremes is equal to the sum of 
the two means. “i 


Example. 


Let 5, 9, 13, 17, be four successive terms. 
9413 = 17 + 5 = 22. 
fret id, 05-6; d5@sSi0:s's h, i,k, 1, be any number of terms in a 
progression ky differences ; by the definition we have 
b6—a=e—bo=d—ceme—d=i—h=k—iz=i—h. 
b6—a=—l—k 
ec—b=k—: 
d—¢ = igh, &e. 
which by fransposition give 
atic=b+h, 
bth eb y. 
e+21=-d+h,&c. 


That is, if the first and last be added together, the second 
and the last but one, the third and the last but two, the sums 
will all be equal. 


Example. 


', 9, 11, 13, be such a series, 


Sa 
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16, 16 96; 16527 16;- +16 


It will now be easy to find the sum of all the terms in any 
progression by difference, and that even when but part of the 
terms are known. 


Let S represent the sum of the series, then we have 
S=atbtetdt....htitk+l. 

AlsoS=I1+k+i+h+....d+e4+6+a4. 

Adding these term to term as they stand, 

QSH (A$ D+ (EK HCD+ (+h) p.... (EME (CHIEOEN + (AFD 

But it has just been shown that 

atl=b+k=c+i, ke. 
That is, all the terms are now equal, and one of them be- 


ing multiplied by the whole number of terms will give the 
whole sum : thus 


2S=n(a+l) 


Ss” oe al 


Hence, the sum of a series of numbers in progression by differ- 
ence is one half of the product of the number of terms by the sum of 
the jirst and last terms. . 


Example. 


How many strokes does the hammer of a clock strike in 12 
hours ? 
Ge 1 = 4 2u and 7. = 12. 


f e 
(S) S a = 78. Ans. 78 strokes 


In the formula 1 = a + (n — 1) r; substitute d instead of 
r to represent the difference ; thus se 


l=a+(n—1)d bg 


<i 
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This formula and the following 


- Sa n {a +l) 

2 
contain five different things, viz a, l, n, d, and S; any three 
of which being given, the other two may be found, by combin- 
ing the two equations. I shall leave the learner to trace these 
himself as occasion may require. 


. 


fee 2a 
Examples in Progression by Difference. 


1. How many strokes do the clocks of Venice, which go on 
_to 24 o’clock, strike in a day ? 


2. Suppose 100 stones to be placed in a straight line 3 yards 
asunder ; how far would a person travel who should set a bas- 
ket 3 yards from the first, and then go and pick them up one 
by one, and put. them into the basket ? 


3. After A, who travelled at the rate of 4 miles en hour. had 
been set out 27 hours, B set out to overtake him, aud in 
order thereto went four miles and a half the first hour, four and 
three fourths the second, five the third, and so on, increasing 
his rate one fourth of a mile each hour. In how many hours 
wul he overtake A? 


The above example is solved by using both the above for- 
mulas. The known quantities are the first term, the difference, 
and the sum of all the terms. The unknown are the last term, 
and the number of terms. It involves an equation of the se- 
sond degree. It is most convenient to use a, y, d&c. for the 
unknown quantities. 


4. A and B set out from London to go round the world, 
(24990 miles,) one going East and the other West. A goes 
one mile the first day, two the second, three the third, and so 
on, increasing his rate one mile per day. B goes 20 miles a 
day. In how many days will¢they mect, and how many miles 
will each travel ? 


ae 
the first day, 2 the second, and so on. In 5 day 
another sets out, and travels 12 miles a day. Hov 
how far must he travel to overtake the first ° Se 


5. A traveller sets out for a certain place, and travels 1 


% 
% ie 


dak Te oe : i a 
Sah eh M, ao", 5 ea 
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6. A and B 165 miles distant from each other set out with a 
design to meet; A travels 1 milé the first day, 2 the second, 
3 the third, and so on. B travels 20 miles the first day; 18 the 
second, 16 the third, and soon. How soon wiil they meet ? 


Jns. They will be together on the 10th day, and continuing 
that rate of travelling, they may be together again on the 3ed 
day. Let the learner explain how this can take place. 


7. A person makes a mixture of 51 gallons, consisting of 
brandy, rum, and water; the quantities of which are in artth- 
metical progression. 'The number of gallons of brandy an«| 


‘rum, together, is to the number of gallons of rum and water 


together as 8 to 9. Required the quantities of each. 
Let 2 = the number of gallons of rum ° 
and y = the common difference. é 
Then x —-y, x, and x + y will express the three quantities. 


8. A number consisting of three dig:ts»which are in arith- 
metical progression, being divided by the sum of its digits, gives 
a quotient 4S; and if 198 be subtracted from the number, the 
digits will be inverted. Required the number. 


GA person employed 3 workmen, whose daily wages were 
m arithmetical progression. ‘The number of days they worked 
was equal to the number of shillings that the second received 
per day. The whole amount of their wages was 7 guineas, and 


the best workman received 28 shillings more than the worst. 


What were their daily wages ? 


Progression by difference is only a particular case of the 
series by difference, explained Arts. XLII. and XLT. All the 
principles and rules of it may be derived from the formulas 
obtained there. It would be a good exercise for the learner 
to deduce these rules from those formulas. 


ra 
XLVII. Progression by Quotient, or Geometrical Progression. 
‘. si 


Pe 


aire ame aS 
on by quotient is a series of numbers such, that if 
divided by the one which precedes it, the quotient — 
same in whatever part the two terms be taken. If the 
oa, 20% ce ee 


Ree wi! 
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‘series isi increasing, the quotient will be greater than. unity, if 
“decreasing, the quotient will be less than | unity. 
+ ES 


nit The following series are examples of this kind of progres- 
oa 
sion. 


3. 6, 125 24, San 
19.0 O42 Bee 


gts 
3? 99 Hr 


In the first the quotient (or ratio, as it is generally called,) is 
2, in the second it is 4. ; 


Let @, 6;-¢ef.d, 3-0 eG Be a series of this kind, and let q re- 
present the quotient. 


Then we have by the definition, 


l'rom these equations we derive 
b—aqcmbq, d=cq, e=dq. pessspser ha. 


Putting successively the value of 6 into that of c, and that of 
¢ into that of d, &c., they become 


1b. =a g, cag, d=or, cmag,....laaq™, 


designating by n, the rank of the term /, or the number of terms 
in the proposed progression. 


Any term whatever in the series may be found eathaut find- 
ing the intermediate terms, by the formula 


em GR 


Example. 


What is the 7th term of the series 3, 6, 12, &c.? 
“‘Yerea = 3, og °) and nb are sy 


= oe ee) 5465, Se 

ie ea . 

The two equations | 4 : Gs. ty 

Peg Fs aoe l ak i ae ‘ “a 
“ihe. ee PRE Pah, 7 

a l=aq*”, and S= 2 Me 
a he a iia cg Bes ioe 
= 


/ 
aw 


= . 
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We may also find the sum of any number of “wom of ie ; 
progression cee 
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a, b,c, d, ee 
If we add the equations 
. b=1a4, ¢ahq, d=cqae—dgq 
_we obtain 


dteotdtet....l=a4 


vig: 
is) 


UE lato + 


Observe that the first mem is the sum of all the terms oi 
the progression except the first, a, and the part of the secona 
member enclosed in the parenthesis, i is the sum of all the terms 
except the last, J; and this, multiplied by q,°is equal to the 
first member. 


Now putting S for the sum of all the terms, we have 
~b+ctd--et..... l= S—a 
bE ed 6 Ae on aes =S—l. 
Hence we conclude that 
* 
S—a=(S—l]q, 
which gives 
see A os Sk ie 7 
iy 


Example. 


Whiat is the sum of seven terns of the series 
5, 15, 45, &e. 
1= 5 X 3° = 3645 


ya 
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contain all the. relations of the five quantities a, /, 7,n, and S ; 
any three of which being given, the other two may be found. 
It would however be difficult to find », without the aid of lo- 
garithms, which will be explained hereafter. Indeed loga- 
rithms will greatly facilitate the calculations in most cases of 
geometrical progression. Therefore we shall give but few ex- 
amples, until we have explained them. 


If we substitute a q”~ in place of J, in the expression of S, it 

becomes 
st"), 
Gi 1 

When gq is greater than unity, the quantity g” will become 
greater as nis made greater, and S may be made to exceed 
any quantity we please, by giving na suitable value; that is, 
by taking a sufficient number of terms. But if g is a fraction 
less than unity, the greater the quaniity n, the smaller will be 


the quantity g". Suppose q = pot! m being a number greater 
m 
than unity, then 
: 


1 
me 


Substituting is in place of g” in the expression of S, and it 
& 


becomes 
1 at 
ae as 
s "Nine ) - . 
Ainley . 
m 


Changing the signs of the numerator and denominator, and 
multiplying both by m, 


1 
am{.j1—— am gepee S J 
a maze uy m*— By 


m—1 aha T a on 


4 


It is evident that the larger n 1s or the more terms we take 4s 


ew 


pad 
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in the progression, the smaller will be the quantity aes and 
mr 


consequently the nearer the value of S will approach —7”"_ 


9 
m— i 


from which it differs only by the quantity 
a 
(m—1) mm 


— 
But it can never, strictly speaking, be equal to it, forthe 
a 


quantity will always have some value, however 


(m — 1) m™™ 
large n may be; yet no quantity can be assumed, but this ex- 
pression may be rendered smaller than it. 


The quantity _“” is therefore the limit which the sum 


of a decreasing progression can never surpass, but to which 
the value continually approximates, as we take more terms in 
the series. 


In the progression 


ro 
® 
= 
3 
® 
M 
| 
x 
v9 


= Se 


SA Sst ae ee eee ee ee 
2—1 -(2—1) x 2" (See 


~~ Tn this example the more terms we take, the nearer the sum _ 


of the series will approach to 2, but it can never be strictly — 
equal to it. wee if we nsec the number of terms infinite, 


the quantity ree will be so small that it may be omitted 


without any sensible error, and the sum of the series may be 


to be equal to 2. 
¥, taking more and more terms we appeag 2 thus, 
ar ie 7 


we) aa 


a 
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J = 2—1 
143 = 2-3 
itd 4-4 = 2-4 
Ubdtd pe Seg 
=2 


Ueto ts Sa ve ee 


Examples. 


What is the sum of the series 1, $, 1, 3,, &c. continued to 
an infinite number of terms ° 


Beir ees 
m 3 

EA oe 
5 eee 


2. What is the sum of the series, 5, £, 2, 3,, &c. continued 
to an infinite number of terms ° 


3. What is the sum of the following series continued to in- 


finity ¢ 


35, 7, 1, 5, &e. 


4. What is the sum of the following series continued to in- 


finity ? 


finity ? 


208, 26, 34, 13, &e. 


5. What is the sum of the following series continued to in- 


8 
38, 42, $8, 38, &e. 


6. What is the 10th term of the series 


5, 15, 45, &e.? 


7. What is’the sum of 8 terms of the series 


When t 
middle ter 
two. 


. 35, 175, 875, &e.? 


hree numbers are in geometrical progression, 
m is called a mean proportional between the 


ec 
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Let three numbers, a, 4, c, be in ears progression, so 
that 


a = 6 
Pee 
We have ~ B=ac 
and . b= (a c)?. 
8 Find a mean proportional between 4 and 9. 
42 
x ) 
Fete lee 8 
Da Ans. 6. 


9. Find a mean proportional between 7 and 10. 


10 Find a mean proportional between 2 and 3 
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nak, 
We have seen, Art. XXXVI, with what facility multiplica- 
_ tion, division, the raising of powers, and the extraction of roots 
| may be performed on literal quantities’ consisting of the same 


numbers. 


bf Multiplication, we observed, is performed by adding the ex- 
ponents, and division by subtracting the exponent of the divisor 
that of the dividend. 


: . 7 

5 Se aces 
Thus a? X a’ is at = a. = And —, is a’ 5 — q?, 
a ’ 


In the same manner 2? x 2° = 25+? — 9%, 

Bawa, 

2s 

et us make a table consisting of two columns, ye first con- 
g the different powers of 2, and the second the exponents 


letter, by operating on the exponents. We propose now to. 
] . . 
| apply the same principle, though in a way a little different, to ° 


E 
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Observe first that a = 1, so also 2° = 1, 2 =. 2,, 2?=)4, 
Qh ee Qt 16) 2 SOS a, 2a Fas OG. 


TABLE. 
Powers. | Expon. |; Powers. | Expon. Powers. Expon. 
1 0 128 7 16,384-| 14 
S 1 256 28 32,768.| 15 
4 2 512 9 65,536 | 16 
8 3 || 1024 TO - |edleskO72 | 17 
16 4 || 2048 Ll |) 2623144 | 18 
32 5 || 4096 12 | Meerkeas | 19 
64 6 || 8192 13 || 1,048,576 | 20 


Suppose now it is required to multiply 256 by 64. We find 
by the table that 256 is the 8th power of 2, that is 2*, and that 
64 is 25, Now 2° x 2° = 2*+*= 92", Returning to the table 
again and looking for 14 in the column of exponents, against 
it we find 16384 for the 14th power of 2. Therefore the pro- 
duct of 256 by 64 is 16384, 

This we may easily prove. 


: : 256 
“e 64 


16384 
Multiply 256 by 128. 


Finding these numbers in the table in the column of powers 
and looking in the other column for the exponents, we find 
that 256 is the Sth power of 2, and 128 the 7th power. Add- 
ing the exponents 8 and 7, we have 15 for the exponent of 
the product. Now looking for 15 in the column of exponents, 
we find against it in the column of powers, 32768 for the 15th 
power of 2, which is the product of 256 by 128. Let the 
learner prove this by multiplying 256 by 128, i See 


Divide 8192 by 32. 


mis 


XLV Ill. Logarithms. 241 


the corresponding exponents, we find 8192 is the 13th power 
of 2, and 32 is the 5th power. 
13 
<5 Qt * BF. 
9° 
Looking for 8 in the column of exponents, and for its corre- 
sponding number, we find 256 for the Sth powcr of 2, or the 
quotient of 8192 by 32. 
aie 


Divide $2768 by 
The exponents corresponding to these numbers in the tabic 
are 15 and 9. 15—9=6._ In the column of exponents, 6 
corresponds te 64, which is the true quotient of $2768 by 512. 


What is the 3d power of 32? 


The exponent corresponding to 32 is 5. Now to find the 
3d power of a’. we should multiply the exponent by 3, thus 
a°X*> = a’. So the third power of 2° is 25% = 2"). Against 
15 in the column of exponents we find 32768 for the 15th 
power of 2. . Therefore the 3d power of 32 is 32768. 7 


What is the 2d power of 128? 


. The exponent corresponding to this number is 7. 7 x 2 = 
14, The number corresponding to the exponent 14 is 16384, 
which is the second power of 128. 


What is the 3d root of 4096 ° 
The exponent corresponding to this number is 12. 
Fe 


2 
3 


The 3d root of Qe is 2 = 2% 


The number corresponding to the exponent 4 is !6, which 
is the 3d root of 4096. 
ge tect is the fourth root of 65,536? 


“The exponent corresponding to this number is 16 which 
divided by 4 gives for the exponent of the root 4, the number 
orresponding to which 13:16. The answer is 16. 


Ce a ee Se ee 


i). Sees 


ae ; 
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Examples. 
1. Multiply 512 by 256. 
2. Multiply 8192 by 128. 
3. Multiply 2048 by 256. 
4. Divide 262,144 by 128. 
5. Divide 1,048,576 by 512. 
6. Divide 524,288 by 131,072. 
7. What is the 2d power of 1024? 
S. What is the 3d power of 64? 
9. What is the 5th power of 16? 
10. What is the 2nd root of 262,144 ? 
11. Whatds the 3d-root of 262,144? 
2. What is the 4th root of 1,048,576 ? 
13, What is the 5th root of 1,048,576 ?. 
14. What is the 6th root of 262,144 ° 


The operations of multiplication, division, and the extrac- 
tion of rootsare very easy by means of this table. This table 
however contains but very few numbers. But an exponent.of 
2 may be found for all numbers from-1 as high as we please. 
For 2' = 2, and 27= 4. Wence the’exponeni of 2 answering 
to the number 3 will be between 1 and 2 2.; that is, 1 and a 
fraction. So the exponents answering to 5, 6, and 7, will be 2 
and a fraction, &c. 


XLIX. A table may also be made of the powers of 3, or of 
4, or any other number except 1, which shall have the same 
properties.. Exponents might be found answering to asl 
number from 1 upwards. 


o ae hy 38, 39, So 07 Ree 


r he column of powers will always consist of the numbers 1 
2, 3, &c. but the column of exponents will be different ace d- 
ing as the numbers are considered powers of a different num- — 
ber. 


Sees 
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The formula a? = y will apply to every table of this kind. 

If any number except 1 be put in the place of a, and y be 
made successively 1, 2, 3, 4, a suitable value may be found for 
z, which shall answer the conditions. 

If a be made 1, y will always be 1, whatever value be given 
toa; -for all powers, as well as all roots of 1, are 1. 


But if any number greater than 1 be put in the place of a, y 
may equal any number whatever, by giving 2 a suitable value 

Giving a value to a then, we begin and make y successively 
1,2, 3, 4, &c. and these numbers will form the first column or 
columns of powers in the table. Then we find the values of 
x corresponding to these values of y, and write them in the se- 
cond column against the values of y, and these form the column 
of exponents. These exponents are called legaruhms. The 
first column is usually called the column of numbers, and the 
second, the column of logarithms. The number put in the 
place of a, is called the base of the table. Whatever number 
is made base at first, must be continued through the table. 


Observe that a = 1; therefore whatever base be used, the 


logarithm of 1 is zero. And 1 will be the logarithm of the base, 


fora — a. 


The most convenient number for the base, and the one ge- 
nerally used in the tables, is 10. 


10°11, 10'= 10, 10?= 100, 10° = 1000, 10‘ = 10090, 
10° = 100000, 10° = 1000000, &c. 


Now to find the logarithm of 2, 3, 4, &c. 

Make 107 = 2, 10° = 3,-107 = 4, &c. 

For all numbers between 1 and 10, x must be a fraction, be- 
cause 10° = 1 and 10’ = 10. 

Make « = oy then it becomes 

: z 

sade 

107 =2: 
As the process for finding the value of z in this equation is 


long and rather too difficult for young learners, we will suppose 
it ecu found. 


Sd x 


ae 
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T= 30103 very nearly. 


z 
3.0L 0S! 
00 


se LOS 
Hence 167°°°°° — 2 very nearly. 


To understand this, we must suppose 10 raised to the 30103d 
power, and then the 100000th reot of it taken, and this will 
differ very little from 2. The number .36103 is the logarithm 
of 2. The fractional part of logarithms is always expressed in 
decimals. 

Having the logarithm of 2, we may find the logarithm of 4 
by doubling it, for 27 = 4. That of 8 = 2° is found by _ tri- 
pling it, and so on. : 


The logarithm of 4 is .30103 x 2 = .60206. 
The logarithm of 8 is .30103 xX 3 = .90309. 
The logarithm of 16 is .30103 * 4 = 1.20412, &e. 


ee the logarithm of 3 is eis 


Since 2 x 3 = 6, the logarithm of 6 is found by adding the 
logarithm of 2 and 3 together. 


.30103 + .4771213 = .7781513 = logarithm of 6. 


Since 3’ = 9, the logarithm of 9 is found by multiplying that 
of 3 by 2. With the logarithms of 2 and 3 the logarithms of all 
the powers of each, and of all the multiples of the'two may be 
found. 


The logarithm of 5 may be found by subtracting that of 2 
from that of 10, since 5 = 4°, The logarithm of 10 is 1 
. 1 — .30103 = .69897 = log. of 5. 
Now all the logarithms of all the multiples of 2, 3, 5, and 10 
may be found. Hence it appears that i¢ is necessary to find 
the logarithms of the prime numbers, or such as have no divi- 


sor except unity. by trial ; and then the logarithms of all the 
compound numbers may be found from them. 


The decimal parts of the logarithms of 20, 30, &e. are the - 
same as those of 2, 3, 4, &c. For, since the logarithm of 10 is 
1; that of 100, 2; that of 1000, 3, &e., it is evident that add- 
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ing these logarithms to the logarithms of any other numbers, 
will not alter the decimal part. Hence 1 added to the: loga- 
rithm of 2 forms that of 20, and 2 added to the logarithm of 2 
forms that of 200, &e. 


Log. 2 = .30103, log. 20 = 1.30103, log. 200. = 2;30103 
lox. 3800 = =SFADe 30103. 


The logarithm ef 25 is 1.39794; that of 250 = 25 x 10 is 
1 + 1.39794 = 2.39794; that of 2500 — 25 x 100is 2+ 
1.39794 = 3.39794. .~ 


The logarithms of all numbers below 10 are fractions, those 
of all the numbers between 10 and 100 are 1 and a fraction ; 
those of all numbers between 100 and 1000 are 2 and a frac- 
tion. ; those of all numbers between 1000 and 100CO are 3 anda 
fraction. That is, the whole number which precedes the fraction 
in the logarithm is always equal to the number of figures in. the 
number less one. This whole number is called the index or 
characteristic of the logarithm. Thus in the logarithm 2.3576423, 
the figure 2 is the Uniteaaic showing that it is the loga- 
rithm rot a number ¢onsisting of three figures or between Té iS 

and 1060. eS 


As the characteristic may always be known by the number, 
and the number of figures in a*number may be known by the 
characteristic, it is usual to omit the characteristic in the table, 
to save the room. It is useful to omit it to9, because the same 
fractional part, with different characteristies, forms the loga- 
rithms of several different numbers. “ 


The logarithm of 37 is 1.568202. 


1. epee ee, 
ii); sel 
10 10 


=—1 (788202. 


The logarithm of 3.7 is .568202, which is the same as that 
of 37, with the exception of the index. 


ae 3.575419 
AR a ne 37, 62 = pay a = 19" 3575419 


3762 oh 3 62 ile 1Q?:575418 dy 1575410 


1000 10° 
21." 
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Q 


feo) 
That is, all numbers which are tenfold, the one of the other, 
have the same logarithm. 


376200 has - its logarithm 5.575419. 


37620 re 4.575419. 
3762 a 3.575419. 
376.2 se 2.575419. 
37.62" ee 1.575419. 
3.762 is 0.575419. 


When a number consists of whole numbers and decimal 
parts, we find the fractional part of the logarithm in the same 
manner as if all the figures of the number belonged. to the 
whole number, but we give it the index corresponding: to the 
whole number only. 


In most tables of logarithms they are carried as far as seven 
decimal places. Some however are only carried to five or six. 
The disposition of the tables-is something different in different 
sets, but they: are generally accompanied with an explana- 
uon. When one set of tables is well understood, all others will 
be easily learned. The logarithms for the following examples 
may be found in any table of logarithms. They are used here 
as far as six places. 


E’camples. 


1. Multiply 43 by 25. 


Find 43 in-the column of numbers, and against it in the co- 
lumn of logarithins you will find 1.633468, and against 25 you 
will find 1.397940. Add these two logarithms together and 
their sum is the logarithm ef the product. 


log. Ast ee is : , 1.633468 
os 25 5 ; : 1.397940 


fe 


MP ADQTRE hh. es. Aas ee eA 2 


Find this logarithm in the column of logarithms, and against 
it inthe column of numbers you find 1075 which is the product 
of 43 multiphed by 25. The index, 8, shows that the cataueeer 
must consist of four places. 
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Let the learner prove the results at first by actual multipli- 
cation. — 
2. Multiply. 2520 by 300. 


By what was remarked above, the logarithm of 2520 is the 
same as that of 252 with the exception of the index, and that 


_ of 300 is the same.as that of 3 except the index. 


Find the number 252 in the left hand column, and against it 
in the’second column you find’.401401. The number 2520 con- 
sists of four places, therefore the index of its logarithm must be 
(4—1) or 3. . The logarithm corresponding to 300 is .477121, 
and its index must be 2, because 300 consists of three places. 


- log. 2520 z : : : 3.401401 
be 300 5 . DATZAZ 


& 56000" o.oo ot 5818502 


Find this logarithm, aud against it in the ‘column of numbers 
you will find 756; but the index 5 shows that the number 
must consist of 6 places; therefore three zeros must be annea- 
ed to the right, which makes the number 756000, which is th 
proauct of 2520 by 300. 

3. Mu'tiply 2756 by 20. 

* To find the logarithm of 2756, find in the column of num- 
bers 275, and at the top of the table look for 6. In the co- 
lumn under 6 and opposite 275 you find .440279 for the deci- 
mal part of the logarithm of 2756. The characteristic will 
be 3. rn 

log. 2756 >... oa 3.440279 
Deere e's : ¢ - 1.301030 


“ 55120 ° . . 4.741309 


Looking in the table for this logarithm, against 551 you will 
find .741152 and against 552 you will find .741939, ‘The lo- 
garithm .741309 is between these two. Against 551, look 
along in the other columns. In the column under 2 you find 
the logarithm required. The figures of the number, then, are 


*In some tables the whole number 2756 may be found in the left hand co- 
lumn. ‘ pains 


al 
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5512, but the characteristic being 4, the number must consist 
of five places ; hence annexing a zero, you have 55120 for the 
product of 2756 by 20. 

4. Divide 756342 by 27867. 


i 


Both these numbers exceed the numbers inthe tables, still 
we shall be able to find them with great accuracy. First find 
the logarithm of 756300, which is 5.878694. ‘The difference 
between this logtirithns and that of 756400 is 58. . The-differ- 
ence between 756300 and 756400 is 100, and the di ference 
between 756300 and 756342 is 42. Th erefore, if yes = 42 
of 58 be added to the logarithm of. 756300, it will give the lo- 
garithm of 756342 sufficiently exact, 58 X .42 —=- 24, reject- 
ing the decimals. 5.878694 + 24 = 5.878718. The 58, 
and consequently the 24, are decimals of the order of the two 
last places of the logarithm, but this circumstance need not be 
regarded in taking these parts. It is sufficient to add them to 
their proper place.” 

The table generally furnishes means of taking out. this loga- 
rithm move easily. As the difierences do not often vary an 
anit for considerable distance among the higher numbers, the 
difference is divided into ten equal parts, (that is, as equal. as 
possibie, the nearest number being used, rejecting the decimal 
parts) and one part is set against 1, two parts against 2, &c. in 
a column at the right of the table. 

In the present case, then, for the 4 (for which we are to take 
;'5 of 58,) we look at these parts and against.it we find 23, and 
for the 2 (for which we must take ;2, of 58,) we find 11. But 
1 is ?2;, consequently to obtain 73, we must take j5 of 11 
nape is 1, omitting the decimal. The operation may stand 
thus 


2 
To 
2 

0 


log. 756300 5.878694 
+ of diff. 23s 
Tas i 
4G Oe pee Se 
ie log. 756342 5.878718 


To find the logarigili of 27867, proceed i in the same manner, 
first finding that of 27 860, and then adding ,*, of the difiggence 
which will be ae at the pee Le. as above. 


a peel 


| ‘ 
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| log. 27860 4.444981 

fy diff. 109 


log. 27867 4.445090 


_ From log. dividend 5.878718 : 
Subt. leg. of divisor | 4.445090 : 
log. of quotient 27.141 1.433628 > 
We find the decir part of this logarithm is between 
.433610 and .433770,; rmer of which belongs to the num- 


| 
E 
| 


ber 2714, and the ‘latter to 2715. Subtract 433610 from 
433628, the remairider is 18: Looking in the column of Bone, 
the number next below 18 is 17, whieh stands against 1 or 35 
of the whole difference. 


Put this 1 at the right of 2714, which makes 27141. The 
characteristic 1 shows that the numbez is between 10 and 100. 
Therefore the quotient is 27.141. This quotient is correct to 
three decimal places. 


®. 
If the table has no column of differences, take the whole 
_ difference between .433610 and .433770, which is 160 for a 
divisor, the 18 for a dividend, annexing one or more zeros. 
One place must be given to the quotient for each zero. 


180}160 a 
160) .1 ° 
5. What is the 8a power of 25.7 ? 
log. 25.7 1.409983 
Multiply by 3 ; 3 ‘ 
log. 16974.6 4.229799 


Ans. 16974.6—. 
6. avnet is the 3d root of 15 ? poe 
* log. 1 1.176091 (3 
we me .392030 
Ans. 2.4662+. 


log. 2.46621 
Tas- ‘Siikee a fraction 


merator and ae 


* 


numbers, one for the nu- 
nator, the logarithm of a 


& 
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fraction must consist of two logarithms ; and as a fraction ex- 
presses the division of the numerator by the denominator, to 
express this operation on the logarithms, that of the denomina- 
tor must be represented as to be subtracted from the nume- 
trator. 


* 


The logarithm of 2 is expressed thus : 
log. mag log. 5 = 0.477121 ar 698970. 


The logarithm of a fraction whose numerator is 1, may be 


expressed by a single logarithm. For is the same as a. 
Se) 


If we would express the logarithm of $ for example , 
Pi 
t, 1 im 
10-477" — 3, consequently _— gna = ae Wc eR mds 
That is, the logarithm of 4 is the same as the logarithm of 3, 
except the sign, which for the fraction is negative. Any frac- 


tion may be reduced to the form = but the denominator will 
a’ 1 


consist of decimals or still contain a fraction. 
1 1 


aa = 


Pras 666s 

[f the subtraction be actually performed, on the expression of 
‘this fraction given above, it will be reduced to the logarithm 
of a fraction of this form. ge 


0.477121 — 0.698970 = — 0.221849. 


The number corresponding to the logarithm 0.221849 is 1.666 
+, but the sign being negative, shows that the number is 


1 
1.666 
The logarithms of all common fractions may be obtained in 
either of the above forms, but they are extremely inconvenient 
in practice. The first_on account of its consisting of two loga- 
rithms would be useless as well as inconvenient ; because 
though we might find a logarithm corresponding to any frac- 
tion, “yet in performing operations, a logarithm would. never be 


found in that form when it was s required to find its number. 


hd 


ea 


——_ cites 
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The second form is inconvenient because it is negative, and. 
also because in seeking the number corresponding to the loga- 
rithm, a fraction would frequently be found with decimals in 
the denominator. It would be much better that the whole 
fraction should be expressed in decimals. If the fraction is 
used in the decimal form, the logarithms may be used for them 
almost as easily as for whole numbers. : 


Suppose it is required to find the logarithm of .5 or {5,. 


log. 5 — log. 10 =0,698970 — 1. =— 1 + .698970. 


Suppose it is required to find the logarithm of .05 or ,4,. 
1 0-888970 —2-+4.698970, 
eax S ic? See 
log. 5 — log. 100 = 0.698970 —2 = —2 4.698970. 


The logarithms of 10, 100, 1000, &c. always being whole 
numbers, we have the two parts distinct. The logarithm of .5 
is the same as that of 5 except that it has the number | joined 
to it with the sign —, which 1s sufficient to distinguish it, and 
show it tobeafraction. The logarithm of .05 also is the same, 
except that — 2 is joined to it. That is, the logarithm of the 
numerator is positive, and that of the denominator negative. 

This negative number joined to the positive fractional part, 
serves as a characteristic, and is a continuation of the principle 


shown above ; thus “* 
The log. 500 *:, 2.698970 
Sare= FE 00 1.698970 
tot ae 5) ,,- 0.698970 
Co seh 5) 1.698970 
ie 05 | 2.698970 


The logarithm of a decimal is the same as that of a whole 
number expressed by the same figures, with the exception of 
the characteristic, which is negative for the fraction; being — 
1 when the first figure on the left is tenths, — 2 when the first 
is hundredths, &c. It is convenient to write the sign over the 
characteristic thus, 1, 2, &c. It is not necessary to put the 
sign before the fractional part, for this will always be un- 
derstood to be positive. ho 


es a ae 


: 
; 
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In operating upon these numbers, the same rules must be ob- 
served as in other cases where numbers are found connected 
with the signs + and —. : 


When the first figure of the fraction is tenths, the character~ 
istic is 1, when the first is hundredths, the characteristic is 2, 
d&ec. ae 


The log. of .25 is log. 25 — log. 100 
= 1.397940 — 2 = — 2 +. 1.397940 = 1.397940. 


This is the same as the logarithm of 25, except that the cha- 
racteristic | shows that its first figure on the left is 10ths, or 
one place to the right of units. 


Multiply 325 by.23. 


log. 325 < : 5 2.511883 
log. .23 3 : » °“£361728 


. log. 74.75 Ans. ; ia oe 50 
Muitiply 872 by .097. 


log. 872 ‘ ; 2 2.940516 
log. .097 : : “2.986772 


log. 84.564 Ans. 9. 1.927288 


In adding the logarithms, there is 1 to cariy from the deci- 
mal to the units. ‘This one is positive, because the decimal 
part is so. 


Multiply .857 by .0093 
log. .857 : : a ‘1.932981 


log. 0093. 78968483 
log. 0079701 ns. st “3901464 
“Divide 75 by .025. 
; log. 75 sae! ae sys) yea 
log. 025 ij "E897940 


leg. 3000 Ans. 3°. ge Baier 


aa Re 
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‘In subtracting, the negative quantity is to be added, as in 
algebraic quantities. 
Divide 275 by .047. 


log. 275 A ; F 2.439333 
log. .647 " ; 2672098 


log. 5851.06 Ans... ; a ie/ MODS 
Divide .076 by 830, 
log. .076 “3880814 = “J + 1.880814 


log. 830 : ae 2.919078 
log. .0000915662 Ans. : 5961736 


In order to be able to take the second from the first, I change 
the characteristic @ into 3 -- 1 which has the same value. 
This enables me to take 9 from 18, that is, it furnishes a ten to 
borrow fof the last subtraction of the positive part. In sub- 
tracting, the characteristic 2 of the second logarithm becomes 
negative and of course must be added to the other negative. 


Divide .735 by .038. 


log. .755 : 1.866287 
log. .038 2.579784 
log. 19.2121 Ans. : 1.286503 
What is the 3d power of .25? 
log. .25 : ; “1.397940 
3 
log. 0.015625 Ans. 3 + 1.193820 =~2192820. 


What is the third root of 0.015625 ? 


The logarithm of this number is 9193820. This character- 
istic @ cannot be divided by 3, neither can it be joined with 
the first decimal figure in the logarithm, because of the differ- 
ent sign. But if we observe the operation above in finding the 
power, we shall see, that in multiplying the decimal part there 
was 1 to carry, which was positiye, and after the multiplication 
was completed, the characteristic stood thus, 3° -- 1 which was 

22 


=) a 
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afterwards reduced to’2, Now if we add 7 + 1 to the @ m 
the present instance, it will become 3 -++ 1,-and at the samme 
time its value will not be altered. The negative part of the 
characteristic will then be divisible by 3,-and the 1 being posi- 
live may be jomed to the fractional part. 


log. .015625 “2193820 = F -++- 1.193820(3 
log. .25 Ans. “7.397040 


In all cases of extracting roots of fractivns, yf the negative cha- 
ructeristic is not divisible by the number expressing: the root, it must 
be made so in a similar ‘manner. 


if the characteristic were 3 and it were required to find the 
fifth root, we must add @ + 2 and it will become’ 5 + 2. 


What is the 4th root of .357°? ; 
log. 104. “1.552008 = 4 + 3.552068(4 
log. .77298 Ans. | ¥.888167 


Any common fraction may be changed toa decimal by its 
ay 8 
logarithms, so that when the logarithm of a common fraction is 
t=) ’ D 
réquired, it is not necessary to change the fraction to a-decimal 
previous to taking it. 
It is required to find the logarithm of 3 corresponding to $ 
expressed in decimals. . 
The logarithm of 2 being 0.30103, that ef $ willbe —0.30103. 


Now = 0530102 — = 1-4 1 BOs 
== — 1 + (1 —.30103) = 1.69897. 


The decimal part .69897 is the log. of 5, and — Lis the log. 
of 10 as a denominator. Therefore 1.69897 is the log. of 


ae 


Yeduce £ to a decimal. 


loz. 5 0.69897 = — } + 1.698970 
log. 8 0.903090 
logy 0.625'=2'2 (ais “T.795883 


LL. Logurithms. SAB 


When there are several multiplications and divisions to be 
performed together, it is rather more convenient to perform the 
whole by multiplication, that is, by adding the logarithms. 
This may be effected on the following principle. To divide 
by 2 is the same.as to multiply by $ or 5. Dividing by 5 is 
the sarae as multiplying by 2 or .2, &e. 


_ Suppose then it is required to divide 485 by 15. Instead of 
_ dividing by 15 let us propose to multiply by 2... First find the 
logarithm of J; reduced toa decimal. 


log. is-0 = — 2 + 2.090000 
log. 15 subtract 1.176091 
log. 4; in form of a decimal 2823909 
joo. 435 add 2.638489 
} clases. 23%. 
log. 29 = quotient of 435 by 15 1.462398 


| The leg. of Pp; viz. 2823909 is called the Arithinctie Comple 
| mont of the log. of 15. ‘ 


The arithmetic complement is found by subtracting the logarithm 
of the number from the logarithm of 1, which is zero, but which may 
always be represented by {1 4-1, 2 +2,&c. It must always be 
~epresented by such a number that the logarithm of the nun-ber may 
be subtracted from the positive part. Thats, it must always be 
equal to the characteristic of the logarithm to be subtracted, plus 1; 
for | must always be borrowed from it, from which to subtract the 
fractional part. 


It is required to find the value of x in the following equa- 
tion. * 


bea Loe we aay 
Fe 387 & 2.896 
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log. 35 1.544068 
log. 28 1.447158 
log. 56.78 1.754195 
log. 387 2.587711 . Anith..Com.. @ 3.412289 
log. 2:896)-0.461799"- oe 1.938201 
1.695911 

3 


5.087733(5 


log. 10.4123 very nearly answer 1.017546 


I multiply by 3 to find the 3d power, and divide by 5 to ob- 
tain the 5th root. 


LI. There is an expedient generally adopted to avoid the 
negative characteristics in the logarithms of decimals. _ I shall 
explain it and leave the learner to use the method he likes the 
best. 


1. Multiply 253 by .37. 


log ast ‘1.568202 
log. 253 2.403121 
log. 93.61 nearly answer 1.971323 


Instead of using the logarithm 7.568202 in its present form, 
add 10 to its characteristic and it becomes. 9.568202. 


log. .37 9.568202 
log. 253 2.403121 
i 11.971323 
sda Subtract 10. 
log. 93.61 as above. 1.971323 


— 


In this case 10 was added to one of the numbers and after- 
wards subtracted from the result ; of course the answer must 
be the same. 


2. Multiply .023 by .976. 


jie 


Le. Engarihms. Daa 


‘Take out the logarithms of these numbers. and add 1. to 
each characteristic. 


log. .023 iis 8.361728 
loz. .976 - 9.989450 
18.351178 

Subtract 20 
Jog..022448) nearly ans. 2.351178 


We may ehserve that, in this way, when the first left hand 
figure is tenths, the characteristic, instead of being T is 9, and 
when the first figure is hundredths, the characteristic is 8, &c. 
_ That is, the place of the first figure of the number reckoned 
from the decimal point corresponds to what the characteristic 
fails short of 10. Whenever in adding, the characteristic ex- 
ceeds 10, the ten or tens may be omitted and the unit, Heure 
only retained. 


In the first example, one number. only was a fraction, viz. 
| 37. In adding, the characteristic became 11, and_ omitting 
| the 10 it becaine 1, which shows that the product is a number 
- exceeding 10. 


In the second example both numbers were fractions, of course 
each characteristic_was 10 too large. In adding, the charac- 
teristic became 15. Now instead” of subtracting both tens or 
20, it is sufficient to subtract one of them, and the character‘s- 
tic 8, which is 2 less than 10, shows as well as 2 would dao, 
that the product is a fraction, and that its first. figure must be 

-in the second place of fractions or hundredth’s place. 

If three fractions were to be multiplied together, there would 
be three tens too much used, and the chazacteristic would be 
between 20 and 30 ; but rejecting two of the tens, or 20, the 
remaining figure would show the product to be a fraction, and 
show the “place of its first figure. 


3. What is the 3d power of .378 ? 


log. .378 a F ; ’ 9.577492 
“Multiply by 3 


28.732476 
_log. .05401 nearly ans. 8.732476 


99% PENS 
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Multiplying by 3 is the same as adding the number twice to 
itself. The characteristic becomes 28, but omitting two of the 
tens or 20, it becomes 8, which shows it to be the logarithm of 
a fraction whose first place is hundredths. 


If it is required to find the 3d root of a fraction, it is easy to 
see, that having taken out the logarithm of the fraction, it will 
be necessary to add two tens to the characteristic, for it is then 
considered the third power of some other fraction, and in rais- 
ing the fraction to that power, two tens would be subtracted. 


In the last example the logarithm of the power is 8.732476, 
but in order to take its 3d_ root, it will be necessary to add the 
two tens: which were omitted. 


7 


For the second root one ten must be previously nded; and 
for the fourth root, three tens, &c. 


4. What is the 3d root-of .027 ? 


los. 027. “pe S6taBEs64 
or considered as a 3d power 28.431364 (3 
ts 0 rr 9.477121 
5. What is the 2d root of .0016? 
log. .0O16 ; ; 7.204120 
or considered a second power 17.204120 (2 
log. .04. Ans. 8.602060 


In dividing a whole number by a fraction, if 10 be added to 
the characteristic of the dividend, it cancels the 10 supposed 
to be added to the divisor. If both are fractions the ten in the 


~ one cancels it in the other; and if the dividend only is a frac- 
tion, the answer will of course bea less fraction. Consequent- 


By ak 


ey in division the results will require no alteration. 


—w 


6. Divide 57 by .018. 


log. 87 | ; : 1.75587) 
log. 018 : - G265272 goes 


log. 3166.7 nearly ans. : 3.500603 


LI. Logarithms. 


characteristic, and say § from 11, &c. 


7. Divide .2172 by .006. 


log. .2172 : : : 
log. .006 


log. 36.2 Ans. 


at 


rithm’ of 2 being 
1.698970. 


= 9.698970. 


pression ° 


7253. 


q 
| Fi ae 
| . 

) 


11 


| log. 13.73 
log. .0706 
log. .253 9.403121 


Sum_ , 


Product by 3 


Quotient by 2 
log. 17 
log. 112 2.049218  Arith. Com. 


log. 2 = 1.13831 nearly 


(es ATX eae 
~ \ (037 & 576 


en i ins 


Adding 10 it becomes 9.698970. 
same if subtracted immediately from 10 thus 10 -— 301030 


f EZ (= -73 XK .0706 


9.336860 
T.778151 


In taking the arithmetical complement, the logarithm ot t 
number may be subtracted immediately from 10. 
.301030, its arithmetical complement is 


The loga- 


Here in subtracting I suppose 10 to be added to the first 


It would be the 


8. It is required to find the value of « in the following 


1.137670 
8.848805 


Arith. Com. 0.596879 


0.583354 


1.750062 (2 


0.875031 
1.230449 
7.950782 


0.056262 


Find the value of x in the following equations. 


ex- 


Bes, 


71 
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1] a= ae —. : 
476 \ 956) \1973 
12. 38% = 583. 


Observe that the 2d power of 38 is found by multiplying the 
logarithm of 38 by 2, the 3d power by multiplying it by 3, d&c. 
which will give the logarithm of the result. Hence we have 
the following equation; the logarithm of 38 being 1.579784 
and that of 583 being 2.765669. : 


2 X 1.579784 = 2.765669 
_ 2.765669 
1.579754 


as eh os 
epee Lae a 


= 1.75066 + 


The value of x is found by dividing one logarithm by the 
other in the same manner as other numbers. It might ke done 
by logarithms if the tables were sufficiently extensive to take 
ont the numbers. By a table with six places an answer cor- 
rect to four decimal places may be obtained. 


In taking out the logarithms the right-hand figure may be 
omitted without affecting the result in the first four decimals. 


_ log. 2.76567 : ; 0.441800 
log, TAT978 : ~) 0.198596 
log. «© = 1.75067 aie. S248 204 


13. Whatis the value of v in the equation 15377 = 52? 
This gives first 1537 = 527. pepe ae 


“This may now be solved like the last. 


LIL. Questions relating to Compound Interest. 


It is required to find what any given principal p will amount 
to in a number x of years, at a given rate per cent. r, at com- 
pound interest. . _ iu 

_ Suppose first, that the principal is $1, or £1, or one unit of 
moncy of any und, ee ie 
a 


ye % ee St ae 
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The interest of 1 for one year | 
considered a decimal. The amount of 1 for one year then, 
will be 1+-r. The amount of p dollars will be p (1 r). 


For the second year, p (1 +r) will be the principal, and the 
amount of 1 being (1-+7r), the amount of p (i +7) will be 


pat+r) (1+r) or p (+r). 

For the third year p (1 +r)’ being the principal, the amount 
will be p(i afr ry? (1+r)orpQ+ 7). 

For n years then, the amount will be p(1 +7)". 

Putting 4 for the amount, we have 

A=p(i+ 7)" 

This equation contains four quantities, 4, p,7r, and n, any 
three of which beg given, the other may be found. 

Logarithms will save much labour in calculations of this 
kind. 

Examples. 


1. What will $753.37 amount to in 52 years, at 6 per cent. 
compound interest ? 
SS TNE NE r = .06, and n == 53. 
log. 1 + r = 1.06 . : 0.025306 
. a= . 63 
; 0.003163 
co » ; Ng 3 4 


0.009490 
0.126530 


feet eye On 0.136020 
log. 753.37 Qa be Teale > 2.877008 


Jog. $1030.452 Ans. J 3.013028 


SS ee ee ee es Tee Ree te A, mE ee ay, ae 
eS or = ‘ f ~ 3 , £ 
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What principal put at interest will amount to $5000: in 
3 at 5 per cent. compound. interest ! p 


e above formula 


pets 
ss meee or" ! 
log. L + r= 1.05. ~- 0,02 1189: 
; n= 13. 
aw : 
: 063567 
21189 
Subtract —».275457_ 
log. 4 = 5000 From 3.698970 q 
ae , See ee 
=< log p= $2651.63 nearly Ans. 3.423513. 


oe At what rate per cent. must $378.57 be put at compas 
inter est, that it may amount to $500 in 5 years? _ 


‘Solving the equation 4 = p (1 zn r)" making r the bilge 
quantity, it becomes 


2.698970 _ 
2.578146. 


0.120824 (5 


& 


sii | x en 
log. (=) ; 
oe \y 
~  log.(1+-7) gli 
dog. A= 759, ee 2 2.875061 
dog. p = 284.37 jE Soh Se asa 


ge SS Gis gk) Se ea 
- es 
log. 1 + r= 1.07, is 0. 029384 


Jog. 0.421177. er eer CN): 
log. 0.029384 : : : ; 8.468111 
A log. n == 14.334 nearly Ans. 1.156353 - 


5. What will be the compound interest of $947 fer 4 oe 
and 3 months at 54 per cent.’ B 


6. What will: $157.63 amount to in 17 years at 42 _ cent? 


7. A note was given the 15th of March 1804, for $58.46, at P 
Ahe rate of 6 per cent. compound interest ; and it was paid the a 
19th of Oct. 1823. To how much had it ‘amounted ? 4 

i 


8. A note was given the 13th of Nov. 1807, for $456.33, and 
was paid the 23d of Sept. 1819. - The sum paid was $894.40. 
What per cent. was allowed at compound interest ? 


9. In what time will the punCHEE a be doub 
2p, at 6 per cent. compound interest? In w 


~The principles af compound | in 
ing questions concerning the incre 


“* 
10. The nam es inha it 
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11. Suppose the rate of increase to remain the same for the 
next 10 years, what would be the number of inhabitants in 
1810? , 


12. At the same rate, in what time would the number of in- 
habitants be doubled after 1800 ? 


13. The number of inhabitants in 1810 by the census was 
7,240,000. What was the annual rate of increase ? 


“14, At the above rate, what would be the number in 1820? 


15. At the above rate, in what time would the number in 
1810 be doubled ? 


16. The number of inhabitants by the census of 1820, was 
9,638,000. What was the annual rate of increase from 1810 
to 1820° 


17. At the same rate, what is the nuinber in 1825 ? 
18. At the same rate, what wi!! be the number in 1830? 


19. At the same rate, in what time will the number in 1820 


xe doubled P 
29. In what time will the number in 1820 be tripled ? 


21. When will the number of inhabitants, by the rate of the 
last census, be 50,000,000 ? 


LIil. 1. Suppose a man puts $.9 a year into the savines 
bank for 15 years, and that the rate of interest which the bank 
is able to divide annually is 5 per cent. How much money 
will he have in the bank at the end of the 15th year ? 


Suppose a = the sum put in annually, 


* r = the rate of interest, 
t = the time, , she 
4 = the amount. il. Sa 


Ri ee = 
According to the above rule of compound interest, the sum 
: a at first deposited will amount to a (r + 1); that deposited 
_ the second year will amount to a (r + 1)"; that deposited — 


. 
ma 


a mg a! .s n : 


LIT. ‘ Coote Tnterest. 265 


the third year will Seo to a (r+ 1); that deposited the * 
last year will amount toa (r+ 1). Hence we hate 


4=a(r-+1)! tea(r-+ Le Parl) vss a (r+1)... 
=a aaa aoe le ie ar TY EE 
But (r +1), (r + 1), Ge. is a geometrical progression, 


whose ee term is (7 + 41)*, the smallest 7 + 1, and the 
ratio ; r-+-1. The sum of this progression, Art. XLVIL. is : 


(#D ($01 


Hence 2 = a(r$1) [rt 1t—1) 


Y 


The same result may be obtained by another course of rea- 
soning. 


The amount of the sum a for one year isa --} ar. Adding 
a to this, it becomes 2 a + ar. 


The amount of this at the end of another We is 2atar 
+2ar+ar,or2a+3ar+ar. Adting a to this it 
becomes 


3a+3ar+tar. 


The amount of this for 1 year is 
Sa+3artar+ts3art3artar, 
=3etb6ar+4ar+ar, 
eee Stak tr + ce 

This is the an.ount. at the end of the third year before the 
addition is made to the capital. The law is now sufficiently 
manifest. With a little alteration, the quantity 3-- 6r-+4r 
-+- 7° may be rendered the 4th power of 1 +r. The three last 


coefficients are already right. If we add 1 to the quantity it 
becomes 


alge Or fr 47 i. nis 
“Mukiply this Liye rand it becomes 
4r46r44r et 


a "23 | | 
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Add 1-again:and it Debmaiiaactaa 
1+4r+6r+4rP+. 
This is now the 4th power of 1 ++ 7, and it may be written 
Sl ay ? 
‘Subtract the'l which was added-last, and it becomes 
(he 


“Divide-this by r, because it was multiplied by 7, and it be. 
“comes 


:, “(Lt t= 
ef a 
Subtract 1 again, because | was added previous to multiply- 
ing ky r; and it becomes 
—— wae ee ae ee in mee ae ry ed 
q 
Biibsiitnte tin place of the exponent 3, and Sitéol) by a, 


and it becomes 
ot) {0b} 1) 


which is the same as ee 


The particular question given above may now be solved’ by 
logarithms, using this formula. 


logec( Met ry 105 op ef eee O21 189 


Multiply by ¢ = 15 r x 15 
105945 
; 421189 
me 
log. +r ye = = 2.079 is “3 817835 
Subtract], 1 iis 2 
tips * q ‘ = 
tog. e079. ag ee OOOO 
be 2 ames eile Eee ee 
logan 10 FO " .* | Ge: LodotdgE 
Anith. Com. log. r= .05 0. ‘I 301030 
Aint $226.50) ao OS ara 
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2. A man deposited annually $50 in inabank trom the time 


his son was born,-until he was 20 years of age; and it was 


taken out, together with compound interest on each deposit at 
3 per cent., when his son was 21 years of age, and given to him. 
How much did the son receive ?° 


3. How much.did the bankers gain by receiving the money, 
supposing they. were able to employ it all the time at. 6 per 
cent. compound interest ?. 


4. A man hes a son 7 years old, and he wishes to give him. 
$2000 when he is.21 years old; how much*must he deposit 
annually at.4 per.cent. compound interest, to be able to do itl » 


5. If a man deposits in.a-bank annually $35, in how long a © 
time will it amount to.$500 at 6 per cent. compound interest.?. 


6. The first slaves were brought into ‘the American Colonies 
in the year-1635. Suppose the first number to have been 50, 
and that 50 had been.broug!:t each year for 100 years, and the 
rate of increase 5 per cent. How many would there. have been: 
in the country at the end of the hundred years?. , 


LIV. Annuities. 


1. A man died leaving a legacy to a friend in the following: 
manner ;.a sum of money was to be put at interest, such. that, 
the person drawing 10 dollars a year, at the end of 15 years 
the principal and interest should both be exhausted. What 
sum must be put at interest.at 6 per cent. to fulfil the above. 
condition? — 


- Let the learner generalize this example and form a rule; and 
then solve the following examples by it. 


2. A man wishes to purchase an annuity which shall afford’ 
him $300 a year so long as he shall live. It is considered’ 
probable that he will Jive 30 years. What sum must he de- 
posit in the annuity office to pices this sum, supposing he 
can be allowed 3 per cent. interest ? 


a B. The principal and interest must be exhausted at ii 
end of 30 a 


—— he bd —— a s, 
] as ges 
~ . 
y 
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a 
3. If the man mentioned in the last example should die -at 
the end of 18 years, how much woukl the annuity. company 
gain? 


4. If he were to live'43 years, how much would the company 
lose ? 


5. A man purchases an annuity for life, on the supposition 
that he.shall live 45 years, for $15000, and is allawed 4 per 
cent. interest... How much must he draw annually that the 
whole may be exhausted ? 


6. Aman has property to the amount of £35000, which 
yields him an income of 5 per cent. His annual expenses are 
$5000. How long will his property last him ? 


7. The number of slaves in the United States in 1810 was 
1,191,000, and in 1820 the number was 1,531,000. What is 
he number at present, 1525, allowing the rate of imcrease to 
ye the same ? 


8. There is a society established in the United States for the 
purpose of colonizing the free people of colour. Suppose the 
slaves to be ciiciicipated as fast as this society can transport 
them away ; liow many must be sent away annually, that the 
number may be neither increased nor diminished ? é + 


9. How many must be sent away annually that the country 
may be cleared in 100 years? 


: 

10. If the colonization is not commenced till the year 1840, _ 
supposing the rate of increase to remain the same as from 1810 
to 1820, how many must then be, sent away annually, that the 
number remaining may continue the same ? . 


11. How many must then be sent away annually, that the 
ee % 2 A ? ~ 
copntay mney ae gard of them ap 100 years! . 


Pe, nes ee ‘ 
ess 
ue atid) th, 
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¥ Miscellan eous Examples. 
bs ¥ 


“ 


be 


4. 4 
n express set out to travel 240 milesin 4 days, but in 
consequence of the badness of the roads he found that he must 
go 5 miles the second day, 9 the third, and 14 the fourth, less 
than the first. How many miles must he travel each day ? 
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. Two workmen received the same sum for’ their labour ; 
bat ae one had received 27 shillings more-and ‘the other 19 
shillings less, then one would *have received just three times as 
much as the other. What did they receive? 


3. Two persons, A and B worked together,, A worked 15 
and B 18 days, and they received equal. sums for their work. 
But if A had worked 174.and B t4 days, then A would have 


received 35 shillings more than B. What was the daily wages 


of each P 


4. 'Two merchants entered into a speculation, by which one 
gained 54 dollars more than the other.. The whole gain was 


49 dollars less than three times the gain of the less. What- 


were the gains? 


5. A man bought a piece of cloth for a certain sum, and on 
measuring it, ond that it cost him § dollars, but if there had 


been 4 yards n.ore; it would have cost him only $7 per yard. 
How many yards were there? 


6. Divide the number 46 into two such parts, that one of 
them being divided by 7, and the other by 3, the quotients may 
together be equal tu 10. 


7. A farm of 864 acres is divided between 3 persons. — C has 
as many acres as A and B together ; and the portiens of A 
and B are in the proportion of 5 to 1¥. How many acres had 
each ? 

§. There are two Members in the proportion of 3 to 3, the 
first of which being increased by 4 and the second an 6, they 
will be in the proportion of 2to $. What are the numbers? 


9. A farmer has a stack of hay, from which he sells a quan- 
tity, which is to the quantity remaining in the proportion of 4 
to 5. He then uses 15 loads, and finds that he has a quantity 
left, which is to the quantity sold as 1 to 2... How many loads 
did the stack at first contain ? 


10. There are 3 pieces of cloth, whose lengths are in the 
proportion of 3, 5, and 7; and 8 yards being cut off from each, 
the whole quantity is diminisheit in the proportion of 15 to 11. 
What was the length of each piece at first? 


11. The rumber of days that 4 workmen were employed 
were severally as the numbers 4 5, 6,7; thcir wages were the 
cay . 


r 
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: 
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me 
same, Viz.. 3 shil Imgs, and the sum*received by the first and 
second was 36 shillings less thansthat rec eived by the third and 
four th... How much did each-receive? 


12. There are two numbers, the greater of which is three 


times the less ; and the sum of their second powers is five times’ _ 


the sum of the numbers. What are the numbers ’ 


13. What two numbers are those, of which the less is to the 
greater as 2 to 3; and mee product is six times the sum of 
the numbers ? 


14. There are two lite: the difference of whose ages is to 
their sum as2 to 3, and their sum is to their product as 3 to 5. 
Wits are their ages ? fr. 


vi 


15. A detachment of soldiers from a regiment being ordered 
to a inerch on a particular service, each company furnished 4 
times as many men as there were companies in the regiment ; 
but these being found insufficient, each company furnished 
three more men, when their number was found to be increased 
in the proportion of 17 to 16. How many pases were 
there in the regiment ? % A 


he 
16. Find two numbers which are in se proportion of 8 to 5, 
and whose product is 360. ' 


aper bought 2 pieces of cloth for $31.45, one iva 
ther 65 cents per yard. He- sold each at an ad- 
vanced price of 12 cents per yard, and gained by the whole 
$6.36. What were the lengths of the pieces? 


18. Two labourers, A and B, received $43.75 for their wages, 


A having been employed 15, and B 14 days; and A received 
for working four days $3.25 more than B for 3 days. What 
were their ‘daily wages ? 


19: ‘Having bought acertain quantity of brandy at 19 fn: 
fag: per g ‘gallon, and a quantity of rum exceeding that of the 
brandy by 9 gallons, at 15 shillings per gallon, ‘T find that I 
paid one shilling more for the brandy than for the rum. . How 
many gallons were there of each ? 


20. Two persons, A and B, have each an annual income of 
$1200. A spends every year $120 more than B, and at the 
end of 4 years the amount of their savings is equal to one year’s 
income of either. What does each spend annually : 3 
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. Ina naval cngagement, the number of ships taken was 
7% — and_ the numbér burnt was 2 fewer, than the number 
sunk; 15 escaped, and the fleet consisted of 8 times the num- 
ber sunk. Of how many did the fleet consist ? ’ 


22. A cistern.is filled in50 minutes by 3 pipes, one of w hich 
conveys 10 gallons more, and the other 8 gallons jess than the 
third, per minute. The cistern holds 1820 gallons. How 
much flows through each pipe per minute? 


23. A- farm of 750 acres is divided between three persons, 
A, B, and C. C has as much as A and B both, wanting’ 10 
acres; and the shares of A and B are to each other im the 
proportion of 7 to 3. How many acres has each? 


24. A certain sum of money being put at interest for. 8 
months, amounts to O77 2.50. The same sum ae out at the 
same rate for:15 months amounts to 792.1875. Required 
the sum and the rate. per cent. 


25. roe two casks of ao size are drawn ghantities with 
are in the proportion of 5 to 8; and it appears thut if 20 gal- 
lons less had been drawn froin the one which now contains the 
Tess, only 4 as mach would: have been drawn from it as from 
the other. How many gallons were drawn from each ? 


26. There are two pieces of land, whicls are iif the form of 
rectangular parallelograms. The longer sides of the two are 
in the ‘proportion of 6 to HI, sta the adjacent sides of the. less 

“are in the proportion of 3 to 2. The whole distance round the 
less is 135 yards greater than the longer side of the larger 
piece. Required the sides of the less, and the longer side of 
the greater. 


27. A person distributes forty shillings amongst fifty people, 


giving some 9d. and the rest 15d. each. How Nee. were 
there of each? » en 


28. Divide the number 49 into two sete pits, 
tient of the greater diviued by the less, of be to. 
of the less divided by the greater as $ to f. 


29. A person put a a certain sum to interest. x ) years, at 6 
per cent. simple interest, and found that if he had put out the 
same sum for 8 years at 44 percent. he would have received 

hs S $60 more. What was the sum put out’ 


Ets 
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30 A regiment cf militia Containing 830 men ts to be raised 
from three towns, A, B, and C. The contingents of A and. B 
are in the proportion of 3 to 5; and of B and C in the prepor- 
tion of 619 7. Required the numbers raised by each. 


31. At what time between 6 and 7 o’clock are the hovr and 
minute bauds of a watch together ? a 


32. There is a number consisting of two digits, the second 
of which is greater than the first ; and if the number be divided 
by the sum of the digits, the quotient will be 4 ; but if the digits 
be inverted and that number divided by a number greater by 2 
than the difference of the digits, the quotient will be 14. Re- 
quired the number. 


33. There isa fraction wiiose Maincrior being. ppd; and 
the denominator diminished by 3, the value becomes 3; but if 
the denominator be doubled and the numerator inerended by 
2, its value becomes }.. Required the fraction. 


34. A merchant bought a hogshead of wine for - A 
few gallons having leaked out, he sold the remaind ft 
original sum, thus. gaining a sum per cent. on t 
equal to twice the number of gallons which leaked out. 
many gallons did he lose ?- 


~ How 


35. There are two pieces of cloth, iffering in length 4 
yards ; the first is worth as many shillings per yard as the se- 
cond contains yards ; the second is worth as many shillings per 


yard as the. first contains yards; and both pieces are worth 


72. 10s. How many yards does each contain? 


36. A merchant bought a piece of cloth for $180, and sell- 


ing it at an advance of $1 a yard on the cost, he gained 15 — 


per cent. Required the number of yards. 
37. There are two rectangular pieces oF land, whose lengths 


_are to each other as 3: 2, and surfaces as 5:33; the smaller ¢ one 


is 20 rods wide. What isthe width of the other? 


38. ‘There is a cistern to be filled with a pump, by a man 
and a boy working at it alternately ; the man would do it in 


15 hours, the boy i in 20. They filled itin 16 hours 48 minutes. 


How long did each work § P 


39. In a bag of moncy there is a certain number of eagles, 


as many quarter eagles, 3 the number of half eagles, tugether 
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with dollars sufficient to make up the number of coins equal to 
+ of the value of the whole in dollars; and the number of ea- 
gles.and dollars diminished by 2, is half the number of coins. 
What is the number of coins of each sort ? 3 

40. Suppose a man owes $1000, what sum shall he pay 
daily so as to cancel the debt, principal and interest, at the end 
of a year, reckoning it at.6 per cent. simple interest ? 

41._A merchant bought two pieces of linen cloth, containing 
together 120 yards. He sold each piece for as many cents per 
yard as it contained yards, and found that one brought him in 
only ¢ as much as the other. How many yards were there in 
eaclr piece ? 

42. A criminal having eseaped from prison, travelled 10 
hours before his escape was known. He was then pursued so 
as to be gained upon 3 miles an hour. After his pursuers had 
travelled 8 hours, they met an express going at the same rate 
as themsetves, who met the criminal 2 hours and 24 min. be- 
fore. In what time from the commencement of the pursuit will 
they overtake him? 

43. A and B enter into partnership with a joint stock of 
$900. A’s capital was employed 4 months, and B’s 7 months. 
When the stock and gain were divided, A received $512, and 
B $469. What was each man’s stock ? 

44. A gentleman bought a rectangular lot of valuable land, 
giving 10 dollars for every foot in the perimeter. If the same 
quantity had been in a square, and he had bought it in the same 
way, it would have cost him $330 less; and if he had bought a 
square piece of the same perimeter he would have had 124 rods 

more. What were the dimensions of the piece he bought ? 
45. A and B put to interest sums amounting together to 800 
dollars. _A’s rate of interest was 1 per cent. more than B's, 
his yearly interest $ of B’s; and at the end of 10 years his prin- 
cipal and simple interest amounted to 3 of B’s. What sum was 
put at interest by each, and at what rate ° 
46. Two messengers, A and B, were despatched at the same. 
time to a place 90 miles distant ; the former of whorn riding one 
mile an hour more than the other, arrived at the end of his jour- 
ney an hour before him. At what rate did each travel per hour ? 
47. A and B lay out some money on speculation. A dis- 
poses of his bargain for $11, and gains as much per cent. as B 
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lays out; 3’s gain is $36, and it appears that A gains fou~ 
times as mach per cent. as‘B. Renuwee the capital of each? 


oan 


48. A and B hired a P t 
and B as many as cost him 18 shillings a week. Afterwards B 
put in two additional horses, and found that he must pay. 20. 
shillings a week. At what rate-was the pasture hired.? 


49. A vintner draws a certain quantity of wine out of a full” 
vessel that holds 256 gallons; and then-filling’ the vessel with. 
water, draws off the same quantity of liquor as before, and so 


on for four draughts, when there were only $1 gallons of pure 


wine left. How much wine did ke draw each Hees Pie 
50.. Three merchants, A, B, and C, made a joint stock, by: 


which they gained a sum less than "that stock by $80. A’s., 


sharesof the gain :vas. $60, his contribution to the stock was $17 
more than B’s. Band C together contributed $325., How. 
much did each contribute 2? 
51. A grocer: sold .80lb. of mace and f0Clb. of cloves for- 
£65; but he sold 60 pounds more of cloves for £20 than Se 
\d of each 


52. A.and B, 165 miles distant from each other set out 


did of mace for £10.. Whatwas the price of a 


> 
a:design to meet. Avtravels one mile the first: day, two the- 
et cond: three the third, and so on; B travels 20 miles the first. 


day, 18 the second, 16 the third, ‘and. $0 on. In how many. 
days will they meet ? 


53. A and B engage to reap a field for $20 ;: and as A alone- 


could reap it in 9 days, they promise to complete it in 5 days. 
They found however:that they were obliged to call in C to as- 
sist them for the two last days, in-consequence of which, B re-- 


eeived © of:a-dollar less than he otherwise would have done, 


In what time could B or € alone reap the field ?. 


54. A mercer bought-a piece of silk for: 545 -and the num-- 
ber of shillings which he paid for a yard was 4 “of the number~ 


of yards. Hew many yards did he buy, and ae was the 


price of a yard? 


» 


55. The fore wheel ofa carriage fakes 6 6 eis more> 
than the hind wheel in going 120 yards ; but if the periphery 2 


of cach wheel be increased one yard, it will make only 4 revo-- 
lutions more than the hind wheel in ey same space. | wee 
eal the circumference of.each. 


sture, into which. A’ put four horses,.. 
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“56. There are three numbers, the difference of whose differ- 
ences is 5; the sum of the numbers is 20, and their continual 
product 130. Required the numbers. 

57. From two:towns, Cand D, two travellers, A and B, set 

“out to meet each other; and it appeared-that when they mét, 
‘B had gone 35 miles more‘than 2 of the distance that A» had 


‘travelled ; 


quired 


the distance from C to D. 


~ 


but from their rate of travelling, A expected sto 
reach C in 202 hours; and.B-to:reach Din 30 hours. -Re- 


58. Two men, A and B, entered into a speculation, to which 


‘B contributed | 


‘mouths from C’s admission they had gained EL59 5 
ewithdrawing received fer principal ape. gain $88. 
che originally subscribe ? 


¢15 more than A. After four months, C: ope 


-admitted,-who added $50. tothe stock ; and at the end: of 42 


when-A 


What. did 


59. The: number, of deaths in a besieged garrison amounted 
“to 6 daily ; ; and allowing for this diminution, their stock of Pies 


visions 


sixth da 


-mortality increased to 10 d: ally. 


was. 


AY a8 


ufficient: to ‘last 8 dé ays. But onthe evening of the 
“men were killed in a sally, and afterwards ‘the 
Supposing the stock of pro- 


visions unconsumed at the end of the sixth day to support 6 
-men for 61 days; it is required to find how long it would sup- 
port the garrison, and the number of men alive when the*pro- 


~visious 


60. There was a cask containing 20 gallons of brandy.; a_ r 


were exhausted. 


-certain quantity of this was drawn off into another cask of equal 
size, and this last filled with water, and afterwards the first 


cask w 


as filled with the mixture. It now appears that if 6% 
~ gallons of the mixture be drawn off from the first into the se- 


cond cask, there will be equal quantities of brandy in each. 


Requir 


ed the quantity of brandy first drawn off. 


61. From:two towns, C.and.D, which were. at the distance 


of 296 miles,.two persons, A and B, set out at the same time, 


~and meet with cach other, travelling as many days as are equal 
to the difference of the number of miles they travelled per day ; 


when it appeared that A has travelled 216 miles. 


miles did each travel per day ? & 
as 02; Ry tailor bought a piece of cloth for $200, from which 


“the cut 5 


_yards (oe his own use. and sold the. reir 


How. many 


er for 


ae 
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$175, gaining 75 cents per yard. How many yards were _ 
there, and what did it cost him per yard? 


63. There isa rectangular field containing 10 acres, I quar-— 
ter, 5 rods, and the length of it exceeds the breadth by 12 rods. 
Required the dimensions of the field: 


64. A man travelled 96 miles, and then found that ifhe had. 
travelled 2 miles faster per hour, he should have been 8 hours 
less in performing the same journey. At what rate per hour 
did he travel ? 


65..A regiment of soldiers, consisting of 900 men, is formed, 
into two squares, one of which has 6 men more ina side thar 
_the other. What is the number cf men ina side of each 
| square ° 

66. A and B travelled on the same road and at the same 
rate from Huntingdon to London... At the 50th mile stone 
from London, A overtock a drove of gecse which»were pro- 
ceeding at the rate of three miles in two hours; and two 
hours after®vards met a stage waggcn, which was moving at * 
the rate of 9 miles in 4 hours. B ouiook the same drove of 
geese at the 45th mile stone, and met the same stage waggon 
exactly forty minutes before he came to the 3Ist mile stone. 
Where was B when A reached London ? we 


67. Two men, A and B, bought a farm, consisting of 200 
acres, for which they paid 4200 reach. . On dividing the land, 
A says to B, if you will let me have my part in ihe situation i 
which I shall choose, you shall have so much more land than T, 
that mine shall cost 75 cents per acre more than yours. Bac- 

cepted the proposal. How much land did each have, and 
what was the price of each per acre ? 


68. A person bought two cubical stacks Athy for41£3 cicitl 
of them cost as many y shillings per sohid yard as there w ore yards | 
in a side of the other, and the greater stood on more ground than 
the less by 9 square yards. What was the price of each ? 


69. Two partners, A and B, dividing their gain 60 B 
took $20; A’s money was in trade 4 months, and if the num- 
ber 50 be divided by A’s money, the quotient will give the 
number of months that B’s money, which was $100, continued” 


in trade. What was A’s money, and how long did B’s con- — 
tinue i in trade ? ; 


END. 


